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Abstract— This paper investigates the solvability of the equation t ((pz (@)) = S(SL(nlg))where t€Zt,n €Z*, by utilizing the

definitions and properties of the Smarandache function S(n), the Smarandache LCM function SL(n), Euler's totient function @(n), the
generalized Euler function @, (n), and employing elementary number theory methods. It is obtained that the equation admits positive integer

solutions only for t =5,10,22,42 and all positive integer solutions (t,n) = (5,5),(10,4),(22,2),(42,3) are given.!
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I INTRODUCTION

The Smarandache function, the Smarandache LCM function,
Euler's totient function, and the generalized Euler function are
important functions in number theory. The Smarandache

functionisdefinedas S(n) =min{m:meZ" ,n|m!},and
the Smarandache LCM  function is defined as
SL(n)=min{k € Z" :n|[1,2,..., k]}. Many results have

been obtained in the study of these functions. Reference [1]
studied the solutions of the number-theoretic functional

equation @, (1) = S(SL(n")) ; Reference[2] investigated the
solvability of the number-theoretic functional equation
(p,(n))’” =S(SL(n**)) ; Reference [3] studied the
solvability of the number-theoretic functional equation
S(SL(n)) = @,(n) . Euler's totient function is defined as the
number of integers in the sequence that are coprime to

L2,...,n—-1. Many results have also been obtained in the

study of Euler's totient function .Reference [4] studied the
positive integer solutions of the composite Euler function

equation @(Xx—@(@(x))) =6 and obtained five positive
integer solutions. The generalized Euler function (pe(n) is

n
definedas the number of integers in the sequence 1,2, ..., {—:|
e

that are coprime to 72. Similarly, many results on the
generalized Euler function @, () have been obtained in recent

years. Reference [5] investigated the positive integer solutions
of the equation involving two generalized Euler functions

@,(n)=2"" and @,(n) =2°" . In this paper, using the

definitions and properties of the Smarandache function S (n)

, the Smarandache LCM function SL(”) , Euler's totient

function @(n), and the generalized Euler function @, (n),

together with elementary number theoretic methods, we study
the solvability of the number-theoretic functional equation

o, [@] 2 =s(sL(n")).

II. MAIN LEMMA

Lemma 1" When n>2, we have 2 ’(ﬂ(n)

n
Lemma 2" When n=3, wehave ¢, (n): ¢(2 )
If a positive integer n = pll‘ pzl2 ---pk’k ,

D<p,<-<p, is a  prime, then

T
2 b Py

SL(n) :max{plllapzlzn"pklk }’

S(n) =max{S(pll‘ ), S(pz[2 ),..., S(pkl" ) }

Lemma 4 For aprime P and a positive integer k ,we

[1]
Lemma 3"

where

have S(pk)<@ ; in particular, when k<<p, we have
S ( p* ) =kp.

[5]
Lemma 5

For any positive integer 7 , we must have
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Lemma 6° For any positive integers 7 and 71, we have
m,n)p(m)¢(n)
@(m,n)
when ged(m,n) =1, we have @(mn) =@ (m)p(n).

qo(mn)=( =@(nm).. Tn particular,

III. THEOREM AND ITS PROOF

Theorem 1. Let #,nEN’, the number-theoretic functional

equation

t((pz(n(n;l)nz =S(SL(n")). (1)

has positive integer solutions, and the positive integer solutions
are

(t,n)=(5,5),(10,4),(22,2),(42,3).

Proof:

(1) When

n=1p,(1)=0,5(SL(1"))=5(1)=1.

Substituting into equation (1) shows that the equation has no
positive integer solutions in this case.
(2) When

n=2,0,(3)=1,8(SL(2"))=5(2")=22.
Substituting into equation (1) yields ¢ = 22 ; then the positive
integer solution of equation (1) in this case is unique.

(3) When n=3, Let n=p"p,"---p", where P isa
prime satisfying pl = maX{pll' ,lez e ,Pklk } .

From Lemma 3 and Lemma 4, we obtain
S(SL(n1°))=S(p‘°’)<19zp. 2)

n(n+l1
From n>3,%>3 , by Lemma 2 and Lemma 5 we

obtain

2 2 2
n(n+1) 1 n(n+1) t n(n+1) t
= - > = —_ > .
t<(p2( 2 )) t<2<p( 2 )) _4( 4 > 4
nn+1) > tn

=2 (3)

4 4
Combining (2) and (3) yields

%n<l9lp — mn=<76lp.

Therefore 1=t<76lp, 3<n<76ip. (4)

Let n= pll‘ pzl2 ---pkl" = plm >3, and
gcdz(p’,m) =1.

n+1
5 j =1.combining

1 When 7 is odd, gcd=(n,

Lemma 5, Lemma 3, and equation (3)
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2
1 /nn+1) t n+1
t(zq?( 5 )) =Z(<p(n)<p( >

))2 > 1(<p(n))2
1

=12 (p(PHp(m)* = PP - D2
Combining (2)
%p”‘z (p-1)<19p= p">(p-1) <76l (5

[uny

@ When 7n is even, gcd:(g,nﬂj:l, take

p=2n= 2'm,, combining Lemma 5, Lemma 3, and

equation (3)

a5 il

(A8 (1) 2ttt

2%((/)(211 ))2 _ % 24

Combining (2)% 2271972 = 22761 (6)

When p>2,n = plm , combining Lemma 5, Lemma 3, and
equation (3)

t(%w(@nz B igw(gjq)(ﬂl)f
(] )

1
Combining (2)Z PP <19p = p* <761 (7)

22 <761

Take the logarithm of both sides of equation (10)
(21-3)l 0g2<I 0g™ +log!

When l?% ,» combining (5) (6) (7)

3
We obtainthe solution [ £5.1f [ < E ,then [<<5 is satisfied.

Next, we discuss five cases for /.
Case 11f / =1,since P is a prime, we have p=2 .

Whenp=2,3<n<152, SO from

2
t(w(@n :4><S(219):4><22=88, calculation

28



Volume 10, Issue 5, pp. 27-30, 2026.

yields the solution (#,7)=(22,3). Substituting back into

functional equation (1) for verification shows that equation (1)
has no solution in this case.

When p=3, 1<r<228, 3<n<228, so from
2
z((p(@n =4x5(3")=4x42=168, calculation

yields the solution (t,n) = (42,3). Substituting back into
functional equation (1) for
(#,n)=(42,3) is a solution of the equation.

When p=5, 1<¢<380, 3<n<380, so

verification shows that

from
(n+1) ’ _
{w(—n n2 jj =4xS (519) =4x80=320, calculation

yields the solution (£,n)=(5,5),(20,4),(80,3). Substituting
back into functional equation (1) for verification shows that
(£,n)=(5,5) is a solution of the equation.

When p=7, 1<¢<532,3<n<532, so from

t(w(”("TJFDD =4x8(7")= 4x119=476,

calculation yields the solution (Z, ﬂ) = (1 19,3)- Substituting

back into functional equation (1) for verification shows that
equation (1) has no solution in this case.

When p=111<¢<836, 3<n<836, so from

2
t(w[mnij] =4xS5(117)= 4x198 =792,

calculation yields the solution (#,7)=(198,3). Substituting

back into functional equation (1) for verification shows that
equation (1) has no solution in this case.

When p=13, 1<¢<988, 3<n<988, so from
2
t(@["(”TmD —4xS(13°)=  4x234=936,

calculation yields the solution (t, n) = (234,3) . Substituting

back into functional equation (1) for verification shows that
equation (1) has no solution in this case.
When p=17, 1<¢<1292, 3<n<1292, so from

2
{gp(”(”T*DD = 4xS5(17") = 4x306 = 1224

, calculation yields the solution (l‘ ) n) = (306, 3) . Substituting

back into functional equation (1) for verification shows that
equation (1) has no solution in this case.
When p=19, 1<¢<1444, 3<n<1444, so from

2
t((p(@D —4xS(19°)=  4x61=1444,
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calculation yields the solution (#,7)= (361,3) . Substituting

back into functional equation (1) for verification shows that
equation (1) has no solution in this case.
When p>19 1<t<76p 3<n<76p, Therefore, by

2
Lemma 4 we know that {(p(n(n; D D = 4S(p'9) =76p.

Since n = p'mand ged(p,m)=1, we have (p—l) | 76, thus
(p—l) <76, that is p<77. However, the primes of
19< p<77 donot satisfy (p—l) | 76 .Hence, when p >19,

equation (1) has no positive integer solutions.
Case 2 If /=2, from equation (7) and the fact that P is a

prime, we obtain p < 6.
When p=2, 1<t<304,3<n<304, so

2
t(¢[@j} :4>(S(219X2)= 4X40:160;

(t,n)=(10,4),(40,3).
Substituting back into functional equation (1) for verification
shows that (#,7)=(10,4) is a solution of the equation.

When p=3, 1<¢<456, 3<n<456, so from
2
{(p[”(”TmD =4x8(3"7)= 4x81=324,

calculation yields the solution (t,n) =(81,3). Substituting

back into functional equation (1) for verification shows that
equation (1) has no solution in this case.
When p=5,1<t<760, 3<n<760, so

2
{q,[”(”TWD =4x§(57) = 4x155=620,

calculation yields the solution (£,7)=(155,3). Substituting

from

calculation yields the solution

from

back into functional equation (1) for verification shows that
equation (1) has no solution in this case.

Case 3 If /=3, from equation (7) and the fact that Pis a
prime, we obtain p < 3.

When p=2, 1<t<456, 3<n<456, so from
2
{(p[@n —4xS(27)= 4x62=248,

calculation yields the solution (£,7)=(62,3). Substituting

back into functional equation (1) for verification shows that
equation (1) has no solution in this case.

When p=3, 1<t<684, 3<n<684, so from
2
+1 .
t(gp(n(nT)D =4x8(37) = 4x117=468,
calculation yields the solution (f ,n) = (1 17,3) . Substituting
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back into functional equation (1) for verification shows that
equation (1) has no solution in this case.
Case 4 If /=4, from equation (7) and the fact that Pis a

prime, we obtain p < 2.
When p=2, 1<t<608, 3<n<608,

2
(p[@j =4xS(274) = 4x80=320,

calculation yields the solution (l,n) = (5,5),(20,4),(80,3),
Substituting back into functional equation (1) for verification
shows that (7,n)=(5,5) is a solution of the equation.
Case 5 If /=5, from equation (7) and the fact that P is a
prime, we obtain p < 2.

When p=2, 1<¢t<760, 3<n<760, so from

2
(p[@j —4xS(2%)= 4x98=302,

so from

calculation yields the solution (#,7)=(98,3). Substituting
back into functional equation (1) for verification shows that
equation (1) has no solution in this case.

In summary, through analysis, all positive integer
solutions of the number-theoretic functional equation

2
t(g)z (@)J =S(SL(n") involving the Smarandache

function, the Smarandache LCM function, Euler's totient
function, and the generalized Euler function are

(t,n)=(5,5),(10,4),(22,2),(42,3).

http://ijses.com/
All rights reserved

International Journal of Scientific Engineering and Science

ISSN (Online): 2456-7361

IV. CONCLUSION

This paper uses the definitions and properties of the
Smarandache function, the Smarandache LCM function, Euler's
totient function, and the generalized Euler function, together
with elementary number theory methods, to study the basic

2
situation of positive integer solutions of ¢ ((p2 (n(n;'l))) =

S(SL(n'®)), where t € Z+,n € Z*_, providinga reference for
future research on such equations.

REFERENCES

[1] ZHANG Sibao. Solvability of the number-theoretic functional equation
p,(n) = S(SL(nk)) [J]. Journal of Southwest University (Natural
Science Edition), 2020, 42(04): 65-69.

[2] LI Xinxin, GAO Li. Positive integer solutions of the number-theoretic
functional equation (q)z(n))z = S(SL(nk)) [J]. Journal of Yan'an
University (Natural Science Edition), 2024, 43(03): 81-84.

[3] ZHANG Lixia, ZHAO Xiqing, GUO Rui. Solvability of the number-
theoretic functional equation S(SL(n)) = ¢,() [J]. Journal of Jianghan
University (Natural Science Edition), 2016,44(01): 18-21.

[4] ZHANG Sibao, GUAN Chunmei, XI Xiaozhong. Solvability of an
equation involving the number-theoretic function @(n) [J]. Joumnal of
Anhui University (Natural Science Edition), 2018, 42(06): 46-51.

[5] CHEN Bin. Solvability ofa class of conditional equations involving the
Smarandache function [J]. Journal of Southwest University (Natural
Science Edition), 2015, 37(08): 71-75.

[6] ZHU Shanshan, QU Yunyun, ZHOU Jianhua, et al. Positive integer
solutions of the number-theoretic functional equationte (n) + ¢,(®n) =
S(SL (le)) [7]. Journal of Guizhou Normal University (Natural Science
Edition), 2023, 41(02): 80-85+120.

[7] WANG Xia, DING Henglan,KE Cuiju. Solvability ofa number-theoretic
functional equation related to pentagonal numbers [J]. Journal of
Liaoning Normal College (Natural Science Edition), 2024, 26(03): 5-
11+17.

30



