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Abstract— For the two-dimensionalnonlinear case, this paper proposes an algorithmic framework for the spectral post-processing method. First,
the integration domain is uniformly partitioned, and an initial approximate solution is obtained using classical methods. The original domain is
then transformed into a standard orthogonal space, and the integral terms are discretized using the Gauss quadrature formula. Spectral post-
processing iterative operations are carried out to complete the numerical solution. The core innovation of this algorithm lies in the use of the most
recently generated numerical solution in each iteration. Theoretical analysis confirms that the algorithm achieves high-order convergence under
two norms; numerical experiments validate the effectiveness and correctness of the algorithm. Both computational efficiency and solution
accuracy are significantly improved, providing a more efficient technical approach for solving multidimensional nonlinear integral equations.
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I INTRODUCTION

Two-dimensional integral equations have important applications in various fields of applied science and engineering. Integral -
differential equations serve as models for many practical problems in engineering and mechanics, and their numerical simulation
has received considerable attention. Obtaining exact solutions for two-dimensional Volterra integral equations (2D-VIEs) is the
most challenging task; therefore, providing their numerical solutions is of significant importance.

In recent years, numerous scholars have studied approximate solution methods for two-dimensional Volterra integral
equations. Brunner[ 1][2] introduced the collocation method and the iterative collocation method to analyze the convergence of
approximate polynomial spline functions and estimate the approximation order of two -dimensional Volterra integral equations; in
[3],a set of basis functions composed of two-dimensional orthogonal trigonometric functions was used for approximate solution;
in [4], based on Haar wavelets, a numerical method was proposed to solve two-dimensional nonlinear Fredholm, Volterra, and
Volterra-Fredholm integral equations of the first and second kinds; in [5], the discrete collocation method based on radial basis
functions for second-kind two-dimensional nonlinear Volterra-Fredholmintegral equations was discussed;in [6][ 7],a method based
on the hybrid function interpolant approach was applied to solve two-dimensional nonlinear Volterra-Fredholm integral equations.
In [8][15], the two-dimensional Legendre wavelet method and simple scheme was utilized for the numerical treatment of nonlinear
hybrid two-dimensional Volterra-Fredholm integral equations (2D-VFIEs). The Legendre-Gauss quadrature formula is one of the
most commonly used quadrature methods for integral equations. Therefore, we provide an efficient and fast numerical scheme by
combining Lagrange interpolation functions and the Legendre-Gauss quadrature formula.

Inspired by the spectral post-processing method for solving one-dimensional Volterra integral equations presented in [ 13], this
paper studies the spectral post-processing numerical algorithm and error estimation for two-dimensional nonlinear Volterra integral
equations. Firstly, by classical methods, an approximate initial value is estimated, followed by iterative solution o f the two-
dimensional nonlinear Volterra integral equations using the spectral post-processing method. Numerical experiments demonstrate
that this method efficiently converges when solving two-dimensional Volterra integral equations. Moreover, error analysis for this
method is established, providing error estimates for the numerical solution under two types of norms. In fact, this paper offers a
general structure and framework for numerical algorithms and error analysis of multidimensional Fredholm and Volterra integral
equations.

II.  SoLUTION SCHEME FOR 2D SECOND-ORDER NONLINEAR VIES SYSTEM
This paper studies the following two-dimensional nonlinear Volterra integral equation model:

u(e, )+ [ [ k(x,p,s,t,u(s,0)dsdi=g(x,y), (x,y) € A =[a,b], (1)
Among them, the source function f : A —[] ([Jis the set of real numbers) is a known continuous function, and
u(x,y) is the unknown function to be determined, the kernel function k(x,y,s,?) is defined on the set

E=Dx(D:= {(x,y,s, t):a<s<x<bh,ast<y< b}) as a sufficiently smooth continuous function.
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Define the space Li (Q):={u| Lz| u(x,y)|” @(x, y)dxdy < oo} of weighted integrable functions on Q = [—1, 1], which
1
is a Banach space endowed with the norm || # ||L2 @ (IQ| u(x,y) |2 o(x, y)dxdy)2 , and a Hilbert space with respect to the

inner product (u, v)w = j u(x, yw(x, y)o(x, y)dxdy . L” () is a Banach space consisting of bounded measurable functions

u : QQ — Routside sets of measure zero, and this space is equipped with the norm (or modulus) H u HLz @) = ess sup ’ u(x y) ’

(x.0)eQ
. . o 0“lu .
Given & = (a,,,) multi-index a of non-negative integers, let | & |= a,+a,, have Du = T based on this we define
1 2
x Zy

H'(Q)={ulue LZ(Q), Du e LZ(Q) ,J@|<m}. This is a Hilbert space with respect to the inner product

1/2
. (Z | Dl (Q’j .

‘a‘<m

U, V), = Z IQ D%u(x, y)D*v(x, y)@(x, y)dxdy , and the seminorm is | u

la|l<m

A. Post-processing methods for spectra
Obtain an approximate value of (1) using the classical composite trapezoidal method as the initial value for the spectral post-

processing method. For an integer N >0, let P, = P, xP,, P, denote the space consisting of univariate polynomials of

N N
maximum degree N. Define {91 }{VO and {(/)j} - asthe sets of (N+1)-order Gaussian points, with {a),. }NO and{l)j} - representing
i= j= i= Jj=

the corresponding weight function values, respectively. Use a variable transformation to change the integral interval from
2 st _r_ 2 .

(x,y)€la,b] to (x; , ;)€ Q=[-1L1], thatis, let

s _b-a b+a , b-a b+a

X = |+ V= +
Ty Ty T
Thus, equation (1) becomes
u(x), )+ [ kG s (s, 0)dsdi=g(x), y),  0<i, j<N. @)
then perform a linear transformation
t t
— S 4 —a . +a
5 —s(xl,e)—x2“9+"’2“, (=10 ) =Tt I, —1<0.p51,

The integral term of equation (2) can be transformed into

j jy’k(x,,yj,stu(s f))dsds = 54 “yf j j k(xS ¥ s, 0), (v, @), uls(x, 0),1(y', 0))d6d g,

Therefore

u(x;, y; )+ 5 k(X, V85,0, (v @u(s(x],0),1(v}, 9))d0dp=g(x], y)). 3)

Based on the spectral method outlmed in [12] and the study of the spectral post-processing method for one-dimensional
Volterra integral equations in [13] it can be concluded that

—a y -

2 2 =5

The post-processing spectral method proposed in this paper can accelerate the convergence of standard methods (such

as the collocation method) and is a spectral method known for its high accuracy. For achieving high precision, we use the
classical composite trapezoidal method to derive a set of approximate values of equation (2) on a uniform grid. This set of

approximations serves as the initial values for the spectral post-processing. In equation (2), due to the nonlinearity of the
kernel function, handling the kernel function is somewhat challenging. Specifically, we use the interpolation method: first,

uN(xz ay ) g(xz :y )_ ;;y;vs('x;:gk)at(y;'awl)su(s(x::Hk)vt(y_i‘,go[)))a)kul' (4)
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N N
we interpolate the initial values {u (xl ) )} . and {u(xf, y;)} o obtained from the classical method, and then use
L= L=

N
{u(xf, y;)}i,j:o to interpolate u(s(x;,6,),#( y;,(ol )) . The advantage of this method lies in its use of the most recently

updated in each iteration, eliminating the need to solve a complex system of equations. By obtaining results through a direct
iterative process, it can significantly reduce data storage requirements and computation time, as well as accelerate the
convergence rate.

1. ERROR ANALYSIS

This section conducts a convergence analysis of the numerical scheme, aiming to demonstrate that the proposed method
exhibits exponential convergence, thereby establishing the spectral accuracy of the approximate solution provided by the meth od.
First, some basic lemmas are presented, which are important for deriving the main results of the subsequent error analysis. The
following analysis examines the errors of the spectral post-processing method in the sense of two different norms, respectively.

Lemma2.1 [4 Assume v(x,y)e H!(Q), m>1, a,>~1 and ¢ € I2 (Q), then there exists a constant C and
an exponent related only to N, such that

@)y = () KON (6] g -

Lemma22 01 Let [|[} = max ZZF(x)F (¥) + {F@}Y,, {F,()})Y, be the Nth-order Lagrange

i=0 j=0

interpolation polynomials associated with the Jacobi-Gauss points {x, }"_ and {y,}", respectively. Then
1
0((10gN)2) ’ —1<(Z, S_E

1
o™ "y —%<mﬂ<0
115 |, = . o
O™, ~1<pE—2, - <a<o

1
ON"2Y) ., ~I<as-3, —S<p<0

Lemma 2.3 [M] For any bounded function v(x, y) there exists a constant C independent of v(x, )), such that

sup | Iyl < C max [[v],,
N (x,y)eQ

L3,(Q)

N N
where [V = Z Z v(x,, Y ), (X)F/ (») istheinterpolation representation of the function V F(x), Fi(y), i,j=0,1,..,N
i=0 j=0
are Lagrange interpolation basis functions based on Jacobi Gaussian points of the corresponding weight order.
Lemma2.4 [0 Assume V(x,y)€ H'(Q) , m>4 and a,>-1, (I5u)(x,y) represents the interpolation
polynomial associated with multidimensional Jacobi-Gauss points, then the following estimate holds:

=I5 g S ON ™" [t + =T SON* ]

here, C is a constant.
Lemma 2.5 [0 Assume M > 0, a non-negative integrable function E(x,y) satisfies

EGy)<M[ [ E(s,0dsdt+G(x, ), (x,5)eQ.
If G(x,y) is also an integrable function, then we have

IEN: o, <CIG: o TEN. ,<CIGI.

L (Q) L)’ L"(Q) Q)"

here, C is a constant.
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Introduce some notation. For 7>0 and k €[0,1], C"*([0,T]) denotes the function space of functions whose r-th

derivative is Holder continuous with exponentk, equipped with the norm || - ||r ., Foreachnon-negative integerrandk, there exists
aconstant C, , Csuch that for any function v € C"*([0,T7), there exists a polynomial function I, v € P, , such that
V=3 WL C NN, ®)
Here 3, is a linear operator from C “5([0,T]) to IBN . Define the integral operator M , M is a bounded linear compact
operator from C(Q) to C**(Q) ,that is
My =" [ kGr,p.&mu(Em)dedn.
Let
My, = [ [ [RCey,&nn (Em) =k (x, 2. &.m,v, (. m)dEd . ©)
Theorem 2.1 Suppose that u(x, ) is a sufficiently smooth solution of the two-dimensional nonlinear Volterra integral

equation (2), and k (x,»,&,m,u) with respect to u satisfies an m-th order Lipschitz condition. Let u,(f, (x,y) bethe

solution obtained by the spectral post-processing method in equation (4) , d denotes the number of iterations, and
ueH!(Q), m>1, then we have

d 4- —m g
le =15 1] )= CON [t o +N K (T L)

here C isaconstant, ||/} ||, asshowninLemma2.2, K* = max ‘k(x, y.&nu)
(x,)eQ H" (Q)
Proof: First,let ui  represents theapproximate solution obtained after d iterations, 0<m < N ,whichcanbe obtainedaccording

to the d-iteration solution and (4), can be obtained

d+1

s L
_ s t x[ _ayj a
um,N _g('xi 7yj)_

2 2

! ! t s t s t
[ ] e, 50,00, @),y ((x, 0,40 @)))d0dp+ HY, @)

d . . . . N AN a1V
Here u, represents the interpolating polynomial obtained through 3 X; ¢ o’ { y j} - and {um N} 0’ and
i= Jj= > m=

x;_ay{_a Lol s s t s
HY == T[ [ kG380, 00,15, @),y (s(x],0), 13, 9)))dOd o

N N
_sz(x;’y;ys(xjsag)at(y;a(D)iu]a\lf(s(x:ae):t(y;,(0)))a)kl)l:|'

k=0 1=0
Using Lemma 2.1 on the integral estimation result of Gaussian quadrature polynomials, we have

[ | < OV [l 455 00,00 )t (5, O, £ 0D, - ®)
Based on equation (4) analyzing the kernel function, we have

s, 35!, 0), 10V @),y (5], 0), 10V, @)
<[k, y (5, 0),4(3, ). u(s(x,0), (1, )|

)
(s, v 50,05 @) (s (!, 0), (. )
_k(.x;,y;,S(x;’9),t(y;,¢),u(s(.xf, 9)9t(y;9¢))) >
combining the above two equations, we have
|H| < N (K [, 34,505, 0), 15 @) (55, 0), 105, 0))
(10)
G 57 O OO O ) g )
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Continue calculating the right-hand side of the above expression
k(s 5 00,V @)y (553 0,105, 9) = k(¥ 553 O 1Y @)l O 1Y 0D

1/2
m

2

O k(x!, ¥, 8, tu < (s,1)) a“'”‘zk(x, Y s,t,u(s,t))|2

i Os“ o™ Os“ o™ .
ity £,
ata, s d a +a, s
3 Z O k(Y s bu(s,0) | 0" k(x] 308,t,u(s, 1))
oo os“ot™ os“ot™ ,
1 2 LN(Q)
< ¢ - < ¢
- Z—o Laﬁaz Uy (s,1) u(s’t)Hqu(Q) - CHM’V HLfU(Q) ’
Among LO[1 +a, 15 the differentiable Lipschitz constant. Therefore
d —m [ g d
< —
|| <cN (K S Lm)‘ (11)

Subtract (7) from (2) to get
u(x,y) —usy = AL [ TR 38, b us,0) = k(e Vst (s, 0)Mdsdt = HY (), 01 e[ LT, (12)
Multiply both sides of the above equation by F'(x;)F'(y,) and sum from i, /=0 to N obtain
Tou(x;, ¥ —uy 'y =1y (/1].: Lyj [k(x, ¥, 8,t,u(s,1)) —k(xf,y;,s,t,uf,(s,t))]dsdtj ~ I H!

let e"'(x, Y, L) = ud“ v (X5 D —u(x], Y ), Then the above expression can be expressed as

ey =T ( I L/[k(x;,y;,s,t,u(s,z»_k(x;,y;,s,t,u;(s,t»]dsdtj+J1(x;,y;)+J2(x;,y;.), (13)

here J,(x], y; =u(x], Y, )= Lyu(x], Y D), Jy(x!, Y D=—I H! (x], Y ). Applying the Lagrange mean value theorem for

l 1

differentials to the above expression, there exists a function
P(s,t) =ul(s,t)+ ke (s,£)(0 < k <1), such that

+ s ¢ ¢ X /ak(xl :y ,8,1t ¢(S t))
edl(xlj,yj):[N[L J'y j o

(s, t)dsdt]+J(xl Vi Y+ J, (x; Vi 0,
ou

namely

(L) = J’ J‘yf Gk(xl,y/,st¢(s 1) o

z’j

(s,t)dsdt +J, (x/ ,y])+J (x] ,yj)+.] (x ,yj) (14)

here J,(x] ,yj) = I,C\,(Me )—Me“. Therefore

e Gy = €[ [ [e (.| dsdt + |, Gy [ a5
According to Lemma 2.5 , we have
1 ey S C (11 iy + 12 Dy + 115 ) (15)
Estimate now || J, ||L°°(Q)’ N/, ||L°°(Q)’ IPA ||Lw(Q), First, we obtain it through Lemma 2.4
1 e =l =I5 S CN* ] (16)

Secondly, according to Lemma 2.2 and equation (11), we have
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N N
1 e gy A H G 3 e g € € a5 (5 ) | max >3 F(F (3) .
i=0 j=0 17

<CN |1 I L (K + 1€ )

Finally, combining the interpolationrelation formula /yu(x, y) =u(x,y), (I, —I)u(x,y) =0, I astheidentity operator,
we have

15l
S+ 5 L) | Me =3 (Me)) ||, < (18)

= Iy (Me*) = Me" ||.. , I (I = D)(Me" =3, (Me")) |

I°(Q) I°(Q) 1°(Q)

CN ([ 15 1) | Me [l < CN LT Ll e |l

The estimation results are obtained by combining (15) to (18).

°(Q)°

Theorem 2.2  Suppose u(x, y) is a solution satisfying the conditions of Theorem 2.1, and uf, (x,y) is the solution

obtained by the spectral post-processing method in equation (4) , where d denotes the number of iterations. Then we
have

=2 e = C (N ]y ) +N KA N L)),

HyN(Q)

here C isaconstant, ||/} ||, asshownin Lemma2.2, K~ = max ‘k(x,y,ﬁ,f],u)

(x.0)eQ HyY @)
Proof: From (21) and Lemma 2.5, we get
1€ s oy C 11 Iy + 1 sy +13  g )- (19)
According to Lemma 2.4 IlJ, HLi(Q):H u—1Iyu ||Li(Q)S CN™" |u 1Y (@) (20)
By Lemma 2.3 and (11), we have
12 =l 5 )l S € a5 (e ) € OV (K € ) @
Combining Lemma 2.3 and (5), have
15 s = Ty (M) = M | o = (T = DY(Me? =T (Me") | o,
< C || Me _‘SN(Me )) ||L (Q)< CN || Med ||0,kS CN—k || e ||Lw(Q)

Using the estimation result of Theorem 2.1 in combination with (19) to (22), the I’ norm error estimate is obtained.

IV. NUMERICAL EXPERIMENTS
In this section, the correctness of the theoretical analysis will be verified through the solution of numerical examples. Err ors

will be presented in two forms: || - HL;U(Q) and ||+ ||Lw(9) , and all numerical calculations are implemented using Matlab2024b.

4.1 Example 1

Consider the following two-dimensional nonlinear Volterra integral equation

7 72
x x'e” xy

u(x, y)+ J.Ox on (s* +e (s, t)dsdr=x"e’ — ﬁ+ ” < , (x,»)€[0,17%,

Its exact solution is #(x, y) =sin(2x + y) . After four iterations (d = 4), the error results between the approximate solution

and the exact solution are listed in Table 1. The error results in the|| - ||Li(Q) norm and the || : ||L30(Q) norm demonstrate the

feasibility and effectiveness of the method presented in this paper. To visually display the effectiveness of the algorithm, the
corresponding error variation graph of Table 1 is depicted in Figure 1.
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Table 1. Variation of the error

d
Uy — MH with N in Example 1

N 4 6 8 10 12
qu R 1.0629¢-04 8.5060e-07 2.8918e-09 7.2161e-12 1.2044¢e-14
L°° SR 1.2839¢-04 1.2638e-06 4.4365e-09 1.1976e-11 2.2482e-14
10-2 T T T T T T T T T
—¥— L-2 eroor
— ©— -L-00 eroor
10k
10° |
108 f
1010 |
1012 F
1074 :
2 3

Figure 1. Example 1 Error variation diagram under two types of norms
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