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Abstract— In this paper, we propose a Legendre-polynomial-based spectral element method for a class of one-dimensional second-order elliptic 
interface eigenvalue problems. First, a weak formulation of the original problem and its discrete counterpart are established . Then, the 

computational domain is partitioned into several subintervals according to the interface points. Within each subinterval, hig h-order Legendre 
polynomials are used to construct interior basis functions, while piecewise polynomial basis functions  are introduced at the interfaces. This 
procedure yields a complete set of basis functions in the approximation space and allows the discrete formulation to be expre ssed in an equivalent 
matrix form. Extensive numerical experiments are conducted to verify the effectiveness of the proposed algorithm and to demonstrate its spectral 

accuracy. 
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I. INTRODUCTION  

As is well known, second-order elliptic interface problems form a fundamental class of partial differential equations, and their 
efficient numerical solution is crucial for simulations in a wide range of engineering and scientific applications. Significa nt progress 
has been made in both the theoretical analysis and numerical computation of these problems [1, 2, 3]. Existing numerical approaches 
are primarily based on the finite element method and the finite difference method [4, 5, 6]. In particular, a clas s of quadratic 
immersed finite element (IFE) spaces for second-order elliptic interface problems has been developed, enabling efficient solutions 
on structured meshes. This advancement has facilitated numerous applied studies, and related work can be found in [11, 12, 13, 14]. 

The finite element method is widely used in computational applications due to its flexibility [2, 7], whereas the spectral me thod 
is a high-order numerical technique known for its spectral accuracy [8, 9]. The spectral element method combines the spectral 
accuracy of the spectral method with the geometric flexibility of the finite element method, making it suitable for problems with 
complex boundaries and irregular domains [10]. However, applications of the spectral element method to one-dimensional second-
order elliptic interface problems remain relatively limited. Motivated by this, the present paper develops an efficient spectral element 
method for one-dimensional second-order elliptic interface problems. First, by introducing appropriate Sobolev spaces based on the 

boundary conditions, we establish the weak formulation and its discrete scheme. Then, the construction of basis functions and the 
implementation details of the algorithm are presented. Finally, a series of numerical examples are provided to demonstrate the 
effectiveness and spectral accuracy of the proposed method. 

The remainder of this paper is organized as follows. In Section 2, we introduce a class of Sobolev spaces and establish the 
variational formulation along with its corresponding discrete scheme. Section 3 presents a detailed construction of the basis  
functions in the approximation space and derives the equivalent matrix form of the discrete scheme. In Section 4, the effectiveness 

of the proposed algorithm is demonstrated through numerical examples. Section 5 concludes the paper.  
2 Introduction 

In this paper, we direct our focus to the subsequent second-order elliptic interface eigenvalue problem: 
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(2.1) 

where the interval 𝐼 = (−1,1), 𝛽: 𝐼 → 𝑅+  be a positive function defined piecewise by 
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(2.3) 

Next, we establish the variational form of the equations (2.1) and their corresponding discrete formats. First, we introduce the 
following Sobolve space: 
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with the corresponding inner products and the norms: 
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(2.4) 

Then, the weak form of (2.1) is: Find  ∈ H0
1(𝐼), such that 

1
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(2.5) 
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Let 𝑉𝑁 be the approximate space of 𝐻0
1(𝐼), then the discrete format corresponding to (2.5) is: find 

N ∈ 𝑉𝑁 , such that: 
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(2.6) 

II. DESIGN AND IMPLEMENTATION OF THE ALGORITHM 

In this section, we shall describe how to efficiently solve(2.6). We start by constructing a set of basis functions of the 

approximation space𝑉𝑁. 
Let  
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We define the following internal basis functions: 
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where 0,1, , 2i N= − . 

Let us further define the interface basis functions: 
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Without loss of generality, we assume that the interface points are 𝛼1 = −0.3 and α2 = 0.5. The graphs of the various basis 
functions and their derivatives are shown as follows: 
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Figure 1: Figures of the basis functions with N =4 and i = 0, 1, 2. 

 
It is obvious that 
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Substituting (3.1) into (2.6) and letting 𝑉𝑁 run over a set of basis functions in 𝑉𝑁 , equation (2.6) can be reduced to the following 
matrix form: 
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where 𝑖, 𝑗 = 0,1,2, . . . , 𝑁 − 2. 

III. NUMERICAL EXPERIMENT 

To demonstrate the convergence of the numerical eigenvalues with respect to 𝑁 and to verify the high accuracy of the 
algorithm, we perform a series of numerical experiments using MATLAB 2024b. 

Example 1: We set 𝛼1 = −0.5 and 𝛼2 = 0.6. The coefficient 𝛽 is taken to be constant on each subinterval: 

2, [ 1, 0.5),

3, ( 0.5,0.6),

5, (0.6,1].

x

x

x
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 − −


=  −
 

 Table 1 presents the numerical results of the first four eigenvalues,𝜆𝑁𝑖, 𝑖 = 1,2,3,4, for different values of N . Figure 2 shows 
the Figure of the reference solution and error plot between the reference solution at N = 100 and the numerical solution at N = 40. 
The convergence of the first four eigenvalues with respect to N is illustrated in Figure 3. 

 

TABLE 1. Numerical results of the first four eigenvalues for different N . 

N λN 1 λN 2 λN 3 λN 4 

5 7.263201238164 30.72152914599 66.41128147453 112.9766588062 

10 7.263201089354 30.72133662561 66.38289724738 112.4894178933 

20 7.263201089355 30.72133662561 66.38289724698 112.4894177957 

40 7.263201089350 30.72133662560 66.38289724696 112.4894177957 
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As shown in Table 1, when N ≥ 20, the first four numerical eigenvalues achieve a precision of at least 12 significant digits. 
Figure 2 illustrates the convergence of the eigenfunctions, showing that for N ≥ 40 the numerical eigenfunctions reach a precision 
of approximately 10−14. Furthermore, Figure 3 confirms the convergence and spectral accuracy of the first four eigenvalues.  

Example 2: We set 𝛼1 = −0.8 and 𝛼2 = 0. The coefficient 𝛽 is taken to be constant on each subinterval: 

8, [ 1, 0.8),

12, ( 0.8,0),

17, (0,1].

x

x

x



 − −


=  −
 

 Table 2 presents the numerical results of the first four eigenvalues,𝜆𝑁𝑖, 𝑖 = 1,2,3,4, for different values of N . Figure 4 shows 
the Figure of the reference solution and error plot between the reference solution at N = 100 and the numerical solution at N = 40. 
The convergence of the first four eigenvalues with respect to N is illustrated in Figure 5. 

 
Figure 2:Figure of the reference eigenfunction with N = 100 (left) and the absolute error plot of the numerical eigenfunction with N = 40 (right). 

 

 
Figure 3: The error curves of the first four eigenvalues as N varies. 

 

TABLE 2. Numerical results of the first four eigenvalues for different N . 

N λN 1 λN 2 λN 3 λN 4 

5 3.241840037793 12.65798214447 30.10869581306 52.73226648263 

10 3.241840031713 12.65795393859 30.10618201031 52.68774809735 

20 3.241840031714 12.65795393859 30.10618201030 52.68774809467 

40 3.241840031727 12.65795393859 30.10618201031 52.68774809467 

 

As shown in Table 2, when N ≥ 20, the first four numerical eigenvalues achieve a precision of at least 11 significant digits. 

Figure 4 illustrates the convergence of the eigenfunctions, showing that for N ≥ 40 the numerical eigenfunctions reach a precision 
of approximately 10−14. Furthermore, Figure 5 confirms the convergence and spectral accuracy of the first four eigenvalues.  
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Figure 4: Figure of the reference eigenfunction with N = 100 (left) and the absolute error plot of the numerical eigenfunction with  N = 40 (right). 

 
Figure 5: The error curves of the first four eigenvalues as N varies. 

 

Example 3: We set 𝛼1 = −0.8 and 𝛼2 = 0. The coefficient 𝛽 is taken to be constant on each subinterval: 
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 Table 3 presents the numerical results of the first four eigenvalues,𝜆𝑁𝑖, 𝑖 = 1,2,3,4, for different values of N . Figure 6 shows 
the Figure of the reference solution and error plot between the reference solution at N = 100 and the numerical solution at N = 40. 

The convergence of the first four eigenvalues with respect to N is illustrated in Figure 7. 
 

TABLE 3. Numerical results of the first four eigenvalues for different N . 

N λN 1 λN 2 λN 3 λN 4 

5 2.507188154339 11.17317250473 24.51851690222 43.62053900371 

10 2.507174941562 11.17276669600 24.50356133806 43.52248147764 

20 2.507174941511 11.17276669464 24.50356130407 43.52248116406 

40 2.507174941511 11.17276669464 24.50356130407 43.52248116406 

 
Again, as shown in Table 3, when N ≥ 20, the first four numerical eigenvalues achieve a precision of at least 13 significant 

digits. Figure 6 illustrates the convergence of the eigenfunctions, showing that for N ≥ 40 the numerical eigenfunctions reach a 

precision of approximately 10−14. Furthermore, Figure 7 confirms the convergence and spectral accuracy of the first four 
eigenvalues. 
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Figure 6: Figure of the reference eigenfunction with N = 100 (left) and the absolute error plot of the numerical eigenfunction with N = 40 (right). 

 

 
Figure 7: The error curves of the first four eigenvalues as N varies. 

 

Example 4: We set 𝛼1 = −0.6 and 𝛼2 = 0.5. The coefficient 𝛽 is taken to be constant on each subinterval: 
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Table 4 presents the numerical results of the first four eigenvalues,𝜆𝑁𝑖, 𝑖 = 1,2,3,4, for different values of N . Figure 8 shows 

the Figure of the reference solution and error plot between the reference solution at N = 100 and the numerical solution at N = 40. 
The convergence of the first four eigenvalues with respect to N is illustrated in Figure 9. 

 
TABLE 4. Numerical results of the first four eigenvalues for different N . 

N λN 1 λN 2 λN 3 λN 4 

5 2.789481529699 11.53407421980 23.15426307286 42.05006264670 

10 2.788110541433 11.52928180585 23.12851462096 41.99593080438 

20 2.788110430426 11.52927639798 23.12848101902 41.99586721303 

40 2.788110430426 11.52927639798 23.12848101901 41.99586721301 

 
Finally, as shown in Table 4, when N ≥ 20, the first four numerical eigenvalues achieve a precision of at least 12 significant 

digits. Figure 8 illustrates the convergence of the eigenfunctions, showing that for N ≥ 40 the numerical eigenfunctions reach a 
precision of approximately 10−14. Furthermore, Figure 9 confirms the convergence and spectral accuracy of the first four 
eigenvalues. 
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Figure 8: Figure of the reference eigenfunction with N = 100 (left) and the absolute error plot of the numerical eigenfunction with N = 40 (right). 

 
Figure 9: The error curves of the first four eigenvalues as N varies. 

IV. CONCLUSIONS 

In this work, we propose a spectral element method for solving one-dimensional second- order elliptic interface eigenvalue 

problems, which provides a high-order numerical scheme with spectral accuracy for interface problems involving piecewise smooth 
coefficients. This study not only offers new insights for interface problems on high-dimensional complex do- mains, but also lays 
a foundation for our future research objectives. 
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