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Abstract— In this paper, we propose a Legendre-polynomial-based spectral element method for a class of one-dimensional second-order elliptic
interface eigenvalue problems. First, a weak formulation of the original problem and its discrete counterpart are established. Then, the
computational domain is partitioned into several subintervals according to the interface points. Within each subinterval, hig h-order Legendre
polynomials are used to construct interior basis functions, while piecewise polynomial basis functions are introduced at the interfaces. This
procedure yields a complete set of basis functions in the approximation space and allows the discrete formulation to be expre ssed in an equivalent
matrix form. Extensive numerical experiments are conducted to verify the effectiveness of the proposed algorithm and to demonstrate its spectral
accuracy.
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L INTRODUCTION

As is well known, second-order elliptic interface problems form a fundamental class of partial differential equations, and their
efficient numerical solution is crucial for simulations in a wide range of engineeringand scientific applications. Significa nt progress
hasbeen made in both the theoretical analysisand numerical computationofthese problems|[1,2,3]. Existingnumerical approaches
are primarily based on the finite element method and the finite difference method [4, 5, 6]. In particular, a class of quadratic
immersed finite element (IFE) spaces for second-order elliptic interface problems has been developed, enabling efficient solutions
onstructured meshes. This advancement has facilitated numerous applied studies, and related work can be found in[11,12,13,14].

The finite element method is widely used in computational applications due to its flexibility[2, 7], whereas the spectral me thod
is a high-order numerical technique known for its spectral accuracy [8, 9]. The spectral element method combines the spectral
accuracy of the spectral method with the geometric flexibility of the finite element method, making it suitable for problems with
complex boundaries and irregular domains [ 10]. However, applications ofthe spectral element method to one-dimensional second-
order elliptic interface problemsremain relatively limited. Motivated by this, the present paper develops anefficient spectral element
method for one-dimensional second-order elliptic interface problems. First, by introducingappropriate Sobolev spaces based on the
boundary conditions, we establish the weak formulation and its discrete scheme. Then, the construction of basis functions and the
implementation details of the algorithm are presented. Finally, a series of numerical examples are provided to demonstrate the
effectiveness and spectral accuracy of the proposed method.

The remainder of this paper is organized as follows. In Section 2, we introduce a class of Sobolev spaces and establish the
variational formulation along with its corresponding discrete scheme. Section 3 presents a detailed construction of the basis
functions in the approximation space and derives the equivalent matrix form of the discrete scheme. In Section 4, the effectiveness
of the proposed algorithm is demonstrated through numerical examples. Section 5 concludes the paper.

2 Introduction
In this paper, we direct our focus to the subsequent second-order elliptic interface eigenvalue problem:

~(B(x)¢'(x)) =4 (x), xel,

¢(=D=0, =0, 2.1)

[N =0, [AC,, =0, i=12,

where the interval I = (—1,1), 8: I - R* be a positive function defined piecewise by
ﬂl (X), X e (_19 al)

B=15x), xe(a,a,) 22)
Bi(x), xe(ay,l)

and

Cleg =Gl 1 =0 By = P —PE =0, (23)

Next, we establish the variational form of the equations (2.1) and their corresponding discrete formats. First, we introduce the
following Sobolve space:
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P()=1¢: | Sdx<oo,
Hi(I)={¢: ¢ el (1), e (1), £ (x1) =0},

with the corresponding inner products and the norms:

¢l=¢.02,

&)= ¢ndsx,
] (2.4)
&omy = | gn+gmdx, 5], =(€.7
Then, the weak form of (2.1) is: Find ¢ € HE(I), such that
a(&,v)=Ab(¢,v), YveH\(I), (2.5)

where
ag.v)=[ BgVdr, b(Sv)=| v,

Let Vy be the approximate space of Hg (I), then the discrete format corresponding to (2.5) is: find £, € Vy, such that:
a(Gy,Vy) =0y vy), Yvy V). (2.6)

II.  DESIGN AND IMPLEMENTATION OF THE ALGORITHM

In this section, we shall describe how to efficiently solve(2.6). We start by constructing a set of basis functions of the

approximation spaceVy.
Let

(Dl(t) = Li(t) _Li+2(t)a (l = O,l, Y N_2)>
where L;(t) is a Legendre polynomial of degree i.

Set
=2 )= ¢ xe-Lay),
a, +1
=294 4 fay =g, xe (o).
o, —Qq
(=209 g 2= (), xe (el
l-a,

We define the following internal basis functions:

4, (x)= {‘/’f (4(x)); xe-La, b () = {coi (6 (x)). xe(@.a),

0, others, 0, others,

b, (%) ={¢f (6(x)). xe(@..

0, others,
where i =0,1,---,N—=2.

Let us further define the interface basis functions:

1+1,(x)
T’ xE(_lgal)a 0 XE(_I,al),
I-t,(x I+¢,(x
Vv, = ;( ), xe(alzaz)a V= ;( )’ xe(al’az)’
0, xe(a,,l), 1—-¢
(@D —;(x), x€(ay,l),
Without loss of generality, we assume that the interface pointsare @; = —0.3 and a, = 0.5. The graphs of the various basis

functions and their derivatives are shown as follows:
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Figure 1: Figures of the basis functions with N=4andi =0, I, 2.

It is obvious that

vv=U span{¢j,0,¢j,l,---,¢j,N_2}@span{z//l,%}.

j=1,2,3

We expand ¢, as follows:

N-2 N-2 N-2

Oy =CnW oW, + Z gl,i¢1,i + Z §Z,i¢2,i + Z g3,i¢3,i' (3.1
i=0 i=0 i=0

Substituting(3.1) into (2.6) and letting V, run over aset of basis functions in Vy, equation (2.6) can be reduced to the following

matrix form:

AU = 4,BU,
where
[ A 0 0 Am1 0 ] [ B, 0 0 Bm1 0 ]
AZ O AQal AQa: O BZ O 204 B2a3
A= 0 4, 0 Am2 ,B= 0 B, 0 B,
Ala] ! AZa] ! 0 Aa,al Aalaz B, 1oy ! B 2a ! 0 B ooy B aa,
L 0 AZaZT A}aZT Aa,azT Aazaz_ L 0 BZaZT B}aZT BalazT Bazaz_
T
U=[v,.u,u,U,.0, ],
and
1 1 2 2
A1 = (aj,‘)a Ala, = (aj)) Az = (aﬁ)a A2a, = (aj,N—l)B
2 3 3 11
Azaz = (aj,N): A3 = (aji)9 A3a2 = (aj)ﬁAalal =(a"),
12 22 1 1
Aalaz =(a”), Aazaz =(a”™), B, = (bji)a B10,1 = (bj)a
2 2 2 3 3
Bz = (bji)a B2a1 = (bj,N—l)’ BZaz = (bj,N)’ BS = (bji)’ B3az - (b/ );
1 2 22
Balal = (bl )’ Balaz = (b1 )’ Bazaz = (b )9
U = (Q,oaé/l,la"-agl,zvqyaUz = (gz,o:gz,la--wé’z,zvfly9U3 = (§3,09§3,1a~~-9§3,1v71y5
and
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d = L(ﬂ(r Dol s d = [ =2 (B0l i, i
s 710[ +1 VIVPLIFL 70 71a1+1 NP v, 40

_J. (ﬂ(f ))2(02,¢2 ,dtza aij 1 :J‘;L(ﬂ(tz))z ¢2’,N—1¢2',jdt2’
a, —q
= j P GOV RTITS
= J.l —(ﬂ(t ))3(/’31%,]‘”3’ a; - J._111L(ﬂ(t3))3¢3,,/v1¢3l,jdt3’
—a
—Jll—(ﬂ(t ))1¢1N 1¢1N dr, +_f (ﬂ(t ))2§02N 1(/’2N dty,

_J.ll (ﬂ(t ))2% N%N dt,,
a

2

el - e LU AT [ e COUCAST AT
, oA +1 L ota+l
b-- = T("lz(pl,jdtl’ bj T¢1 N—l¢1,jdt1’
L a, — la, —
j 4?’21(02, le_.[ 4¢2N1¢2/dt

I o
j Hz N¢’2,dt29

11— 11—«
J. _2¢31(03’de3, bj :Jll—¢2 2 3,N—1¢)3vjdt3’

Lo, +1 La,—a
bll IT% N- |¢’1 N— 1dt1 +J‘71%¢2,N—1¢2,N—1dt29

la,—«Q
I #goZNq)ZNld

la,—«o
I %2N§02th +_[ (/’3N1§03N1d
where {,j = 0,1,2, .. -

III. NUMERICAL EXPERIMENT

To demonstrate the convergence of the numerical eigenvalues with respectto N and to verify the high accuracy of the
algorithm, we perform a series of numerical experiments using MATLAB 2024b.

Example 1: We set @, = —0.5 and a, = 0.6. The coefficient 8 is taken to be constant on each subinterval:
2, xe[-1,-0.5),
B=13, xe(-0.5,0.6),
5, xe(0.6,1].

Table 1 presents the numerical results of the first four eigenvalues,Ay;, i = 1,2,3,4, for different values of N. Figure 2 shows
the Figure of the reference solution and error plot between the reference solutionat N = /00 and the numerical solution at N = 40.
The convergence of the first four eigenvalues with respect to N is illustrated in Figure 3.

TABLE 1. Numerical results of the first four eigenvalues for different N .
N AN1 AN2 AN3 AN4
5 7.26320123816430.72152914599 66.41128147453 112.9766 588062
107.26320108935430.72133662561 66.38289724738 112.4894178933
207.26320108935530.72133662561 66.38289724698 112.4894177957
407.26320108935030.72133662560 66.38289724696 112.4894177957
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As shown in Table 1, when N > 20, the first four numerical eigenvalues achieve a precision of at least 12 significant digits.
Figure 2 illustrates the convergence of the eigenfunctions, showing that for N> 40 the numerical eigenfunctions reach a precision
of approximately 10 1% Furthermore, Figure 3 confirms the convergence and spectral accuracy of the first four eigenvalues.

Example 2: We set a; = —0.8 and a, = 0. The coefficient f§ is taken to be constant on each subinterval:

8, xe[-1,-0.8),
L=<12, xe(-0.8,0),
17, xe(0,1].

Table 2 presents the numerical results of the first four eigenvalues,A,;, i = 1,2,3,4, for different values of N. Figure 4 shows
the Figure of the reference solution and error plot between the reference solutionat N = /00 and the numerical solution at N = 40.
The convergence of the first four eigenvalues with respect to N is illustrated in Figure 5.

Judx))
abschute emor

o

Figure 3: The error curves of the first four eigenvalues as N varies.

TABLE 2. Numerical results of the first four eigenvalues for different N .

N AN1 AN2 AN3 AN4

5 3.241840037793 12.65798214447 30.10869581306 52.73226648263
10 3.241840031713 12.65795393859 30.10618201031 52.68774809735
20 3241840031714 12.65795393859 30.10618201030 52.68774809467
40 3241840031727 12.65795393859 30.10618201031 52.68774809467

As shown in Table 2, when N > 20, the first four numerical eigenvalues achieve a precision of at least 11 significant digits.
Figure 4 illustrates the convergence of the eigenfunctions, showing that for N> 40 the numerical eigenfunctions reach a precision
of approximately 10 1% Furthermore, Figure 5 confirms the convergence and spectral accuracy of the first four eigenvalues.
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Figure 4: Figure of the reference eigenfunction with N = 700 (left) and the absolute error plot of the numerical eigenfunction with N = 40 (right).
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Figure 5: The error curves of the first four eigenvalues as N varies.

Example 3: We set @; = —0.8 and a, = 0. The coefficient f is taken to be constant on each subinterval:
1+0.5$in(7rx), x €[-1,-0.8),

1+0.5cos(7x), xe(-0.8,0),

1+0.5x7, x €(0,1].

Table 3 presents the numerical results of the first four eigenvalues,Ay;, i = 1,2,3,4, for different values of N. Figure 6 shows
the Figure of the reference solution and error plot between the reference solutionat N = /00 and the numerical solution at N = 40.
The convergence of the first four eigenvalues with respect to N is illustrated in Figure 7.

B(x)

TABLE 3. Numerical results of the first four eigenvalues for different V.

N AN1

AN2

AN3

AN4

5 2.507188154339
10 2.507174941562
20 2.507174941511
40 2.507174941511

11.17317250473
11.17276669600
11.17276669464
11.17276669464

24.51851690222
24.50356133806
24.50356130407
24.50356130407

43.62053900371
43.52248147764
43.52248116406
43.52248116406

Again, as shown in Table 3, when N > 20, the first four numerical eigenvalues achieve a precision of at least 13 significant
digits. Figure 6 illustrates the convergence of the eigenfunctions, showing that for N > 40 the numerical eigenfunctions reach a
precision of approximately 10~1*, Furthermore, Figure 7 confirms the convergence and spectral accuracy of the first four

eigenvalues.
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Figure 7: The error curves of the first four eigenvalues as N varies.

Example 4: We set a; = —0.6 and a, = 0.5. The coefficient f is taken to be constant on each subinterval:
1+0.3¢™ +0.2sin(7x), xe[-1,-0.6),

1+0.2cos (27rx) +0.1x*,  xe(-0.6,0.5),
1+0.4)x|+0.2sin(3x), xe(0.51].

Table 4 presents the numerical results of the first four eigenvalues,Ay;, i = 1,2,3,4, for different values of N. Figure 8 shows
the Figure of the reference solution and error plot between the reference solutionat N = /00 and the numerical solution at N = 40.
The convergence of the first four eigenvalues with respect to N is illustrated in Figure 9.

B(x)=

TABLE 4. Numerical results of the first four eigenvalues for different N .

N AN1 AN2 AN3 AN4

5 2789481529699  11.53407421980 23.15426307286 42.05006264670
10 2.788110541433  11.52928180585 23.12851462096 41.99593080438
20  2.788110430426  11.52927639798 23.12848101902 41.99586721303
40  2.788110430426  11.52927639798 23.12848101901 41.99586721301

Finally, as shown in Table 4, when N > 20, the first four numerical eigenvalues achieve a precision of at least 12 significant
digits. Figure 8 illustrates the convergence of the eigenfunctions, showing that for N > 40 the numerical eigenfunctions reach a
precision of approximately 10~1*. Furthermore, Figure 9 confirms the convergence and spectral accuracy of the first four
eigenvalues.
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Figure 8: Figure of the reference eigenfunction with N = 700 (left) and the absolute error plot of the numerical eigenfunction with N = 40 (right).
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Figure 9: The error curves of the first four eigenvalues as N varies.

IV. CONCLUSIONS

In this work, we propose a spectral element method for solving one -dimensional second- order elliptic interface eigenvalue

problems, which provides a high-order numerical scheme with spectral accuracy for interface problems involving piecewise smooth
coefficients. This study not only offers new insights for interface problems on high -dimensional complex do- mains, but also lays
a foundation for our future research objectives.
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