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Abstract— For the time fractional order slow diffusion equation system, the time fractional derivative is approximated using the L1 scheme, and
a stable and convergent difference scheme is established. Theoretical analysis is given, and the results of the theoretical analysis are verified

through numerical examples.
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l. INTRODUCTION

Fractional calculus has appeared in various scientific fields and
has been successfully applied in signal processing, anomalous
diffusion, physics and Engineering (see, for example, [1-5]).
Fractional differential equations can describe various complex
physical and mechanical behaviors, and many phenomena in
life can also be described by fractional differential equations,
such as blood alcohol concentration, videotape problem, world
population growth, so it is of practical significance to solve its
numerical solution. The exact solutions of many fractional
differential equations can not be obtained accurately, so the
numerical algorithm of fractional differential equations has
attracted much attention. At present, the numerical algorithm
research of fractional differential equations has made some
progress and has been gradually applied to mechanics,
viscoelasticity [6], biology [7], simulation of fluid flow [8] and
other different fields.

There are not many methods for solving fractional
differential equations. For example, Zhou and dai[9]
constructed Legendre spectral collocation method for nonlinear
fractional differential equation coupling system; Huseynov i t,
ahmadova a, Fernandez a, et al. [10] considered the two-
dimensional coupled system of linear fractional differential
equations with Caputo derivative and the corresponding non-
homogeneous system; Zhou and Xu [11] proposed a high-order
scheme for the numerical solution of fodes; Nabil t. [12]
established the existence and uniqueness of solutions for
nonlinear coupled systems of implicit fractional differential
equations containing y - Caputo fractional order operators
under nonlocal conditions; Zaky and Ameen [13] constructed
Legendre Jacobi collocation method to solve nonlinear
fractional differential equations of two-point boundary value
problems with fractional derivative order at most two; [14] end
value problems for nonlinear systems of fractional differential
equations, etc.

The outline of the paper is as follows: in Section 2, we
describe the system of time fractional slow diffusion equation.
Then in Section 3, we give its establishment of differential
format. In Section 4 and 5, we give the stability and
convergence analysis. In Section 6, we use some numerical
examples to verify the feasibility of the method. In Section 7
gives some concluding remarks.
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Il.  PRELIMINARY KNOWLEDGE

2.1 Consider the following system of time fractional slow
diffusion equation

o

sDfu(x,t) :y(x,t)*— f(xt,u(t),v(t)), xe(0,L), xe(0,T]
gva(x,t):g—;\z/(x,t)Jrg(x,t,u(t),v(t)), xe(0,L), xe(0,T]
, (1)

where the initial boundary conditions are as follows
{U(X,O) =@ (%), u(0,1) = 14 (1), u(L, 1) =y, (1)
V(X,0) = @, (), V(0,t) = s, (1), V(L,t) =y, (1)
where O< e, f<1 T, 0, @, w4, v;, 1=12.
2.2 |1 Interpolation approximation of Caputo fractional
derivative
For Caputo derivative of order (0 < <1):
1 f
corf (1) - —— [ ) g
rl-a)’a(t—1)"
using the piecewise linear interpolation | 1 approximation.
Let z=T/N, t, =kz, k=01...,N

where is N a positive integer, the following notation is
introduced:

a@ = (1+1)"“ -1, 1>0. (3)
So for Caputo fractional derivative, there are

Y 1 ¢ f(s
DIt ()|, = | () g5

l

rl-a)a (t,—s)”
_ 1 Itk f'(s) ds
F(l-a) i % (t, —5)"
Performing linear interpolation on f(S) in the interval
[t ]
t —S s—t.,
Ll,kf (S) = T f (tk—l) + f (tk)v
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F(9)- L =3 66 1), seltnt]
, (4)
where &, =, (S) e (t,;,t.) . substitute L, (S) into

OC D f (t) |t:tn to approximately replace f (S).
o DY f (1) ]y

n

N 1 < .[tk ft)— (. ) 1
I'l-a)iq T (t,—s)”

_ 1 ft)— f(tk 4) 1
F(l «) kzl" Lk ' (t, —s)”

1 Zn: f(tk) B f(tkfl) . l_l [(tn _tkil)l—zz _ (tn _tk)l—a] .

B F(l—a) k=1 T

Z[f(t )— f(t )] (n—k+1)" = (n—k)"* ]

1"(2 -a)id

Za(‘” [ft)—f(t.)]
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i[g”(c— h)+10g"(c)+g"(c+h)]

4

g® _
220" (¢6) o e(c—h,c+h)

[g(c+h) 2g(c)+g(c— h)]+

I1l.  ESTABLISHMENT OF DIFFERENTIAL FORMAT
Consider fractional order problems (1)-(2) at node
(x:,t,), and obtain

sDfu(x,t,) :—z(xi,tn)+ f(x,t, u(t,)v(t,), 1<i<M -1 1<n<N

2

“Div(x,t) = 2 — (%, t)+906.t,,ut,)v(t,), 1<i<M -1, 1<n<N

(6)

The time fractional derivative in equation (6) is discretized
using the |1 interpolation approximation formula, the spatial
second-order derivative is discretized using the second-order
center difference quotient, and then Lemma 2 and Lemma 3 are
applied

"ok - )
- ot a Uf-a, U’
= ré a){aé”f(tn)—Z(am_l ) f (t,)-a) f(to)} r(2- ){ Z( e =AUy a0 |
- k=1
Thus, the approximation formula for Caputo fractional =SU0 + £+ (n)]1<i<M -1, 1<n<N )
derivative at t =1, is obtained T-ﬂ S ) ol
o n-1 OVi _Z(an—k—l —a, )Vi _an—lvi
D f(t) = @Oft)-> (@, —a“)f)-al) “ -
T (n) 1_‘(2_0()|:a‘0 (n) é( n-k-1 n—k) (k) W (g\(}),l gl +(r)| ,1 i<M 1 1<n<N
: (5) where
formula (5) is usually referred to as Formula | 1. U -20"+U’,

The coefficient a‘“) has the following properties:

Lemma 1 assume « € (0,1), a(“) as defined by (3),
1=0,12,...,
h1=a">a“ >al” >..>a” >0 a” -0,

one has

when | > o0;
(n L-a)l™ < a,( <@-a)(-1)™, 1>1.
Lemma 2 Set f(t) eC’[t,.t.1,

R(f(t)) = D f (tn ) e —D7 f(t,) there are
aXl f”(t)lfz a

1 a
R(f(t
(TG 2I'(1- ){4 l-a)(2- a)} oty
Lemma 3 Let h>0 and C be two constants
(a) assume g(x) e C*[c—h,c+h]. where have

taking

0)={o(e+1)-20)+e-1]- 9. & ele-heh

(b) assume g(x) € C°[c—h,c+h]. one has
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Ui =U0t ) 1= ot UGV (), 0 =

h2
and there exists a normal number of C,, C,, which makes

(K I<c, (7 +h?), 1<i<M -1, 1<n<N

[(r)'<c,(z>” +h?), 1<i<M -1, 1<n<N

Note the initial boundary condition (2), there are

{UF =g.(x), Up = (t,), Uy, =y4(t,), 0<n<N
V|O =0,(%), Vo =, (1), Vg =w,(t,), 0<n<N |
Omit the small term (r,);', (r,);" in equation (7), by using

(8)

numerical solution U;' instead of exact solution U, the

following difference scheme can be obtained for solving
problems (1)-(2):
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T ){a() Z(ankl a, U 2, }
=S+ £, 1<i<M -1 1<n<N

o . (9)
(an a,_ )Vik —a,_ V|Oi|
S a0 e
=5V +9/', 1<i<M -1 1<n<N
where the initial boundary conditions are as follows
uw’ =g (x), Ul =(t), Uy, =y, (t,), 0<n<N 10)
Vio =0,(%), Vo = 15,(t,), Vy =,(t,), 0<n<N ,
set
o S
s,=7t°T(2-a), s, =7"T(2-B), 1, = h2’ zzzh—;.

Note that the right-hand term fI ,gI in equation (9)

n

contains u , Which makes it an implicit format. When

calculating, construct a display algorithm, namely the
estimation correction method. Firstly, when calculating the

estimated value, use the previous U, v instead of U]",V/'
in f",9; to calculate an estimated value u”,v”. Then,
substitute the estimated value U,V into the right end

f.", 9" of equation (9) to calculate the correction value.

IV. STABILITY OF DIFFERENTIAL FORMATS
4.1 Auxiliary results

In order to better discuss the stability of differential formats
(9)-(10), we consider the right-hand form equivalent to (1),

namely
f(t,u(t),v(t)) =nu(x,t)

g(t,u(t),v(t)) = pv(x.t)
Then the difference format (9) can be rewritten as follows

(11)

—a

r@-a )[a‘“ Z(am 8,.)U 8, U7 }

=ou'+nu', 1<i<M -1, 1<n<N
- , (12)
a vi—a \°
1_,(2 ﬂ) |:a0 kz_;( n—-k-1 "~ n—k) i n-1%i :|

=0V +uv, 1<i<M -1, 1<n<N

where initial boundary value conditions in equation (10).
4.2 stability analysis

Theorem 1 Let {u,, 10<i<M, 0<n< N} is the

solution of difference schemes (12) and (10), then
" [l.<Cllu® L

IV IL<CIV L,
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Proof: First, it is proved that the numerical solution uin

satisfies the conclusion
equation (12) can be rewritten as follows

n-1
au; = Z (@1~
k=1
+AU, —2u’ +u’)+suu’, 1<i<M -1 1<n<N
namely
n-1
= Z (an—k—l -
k=1

L+22-su)u
+ AUl +u’,), 1<i<M -1 1<n<N

k 0
a‘n—k )ui + a'n—lui

k 0
an—k )ui + an—lui

(13)
Let [lu"|l,=ul ], i,e{l2,...,M-1} I

equation (13), let I = in , take absolute values on both sides, and
use trigonometric inequality to obtain

n-1
@+24-su) [u [, < (@, -
k=1

+22[|u" ..

where

an—k) ” uk ”00 +an—1 ” UO ”ac

1<i<M -1 1<n<N
therefore

1 n-1 ‘
Iu" Il =2 (@ —a ) U,
SH
(14)

+&”u" |, 1<i<M -1, 1<n<N
su

Starting from inequality (14), applying the discrete form of
Gronwall inequality, we can obtain

[u"ll.<Cllu’ll,
Similarly, it can be concluded that
IV IL<CIVO L,

V. CONVERGENCE OF DIFFERENTIAL FORMAT
Theorem 2 Assume {ui”,vi“ [0<i<M, 0<n< N} and

{Ui”,Vin |[0<i<M, 0<n< N} are the solutions to
problem (1) and differential format (12), respectively. Let
e'=U"-u', 0<i<M, 0<n<N,
E'=V"-v', 0<i<M, 0<n<N,
there have
lle"|l,.<C(z**+h?), 1<n< N,
|E"|l.<C(z7“ +h?), 1<n<N.
Proof: Firstly, prove that the numerical solution U,

! satisfies
the conclusion.
Subtracting equation (7) from equation (9) yields the error
equation
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n-1
l aOein _Z(an—k—l —a, )eik _an—leio
S k=1
=o' +(r)!, 1<i<M -1, 1<n<N
n-1
% aoEin _Z(an—k—l _an—k)Eik _an—lEio
k=1
=6,E'+(r,)!, 1<i<M -1, 1<n<N

Referring to the proof process of reference [15, Theorem 2.3.3]
and equation (8), we can obtain

le"[L.<le” Il +7T (- ey max || ()" |L,
m<n

<tT(1-a)e,(r% +h?)
<¢TT(-a)(>* +h?)
=C(r*“+h%*), 1<n<N

Similarly, it can be concluded that

|E"|.<C(r*“+h?), 1<n<N.

6. Numerical examples

Example 1 Consider (1) the right-hand function as the
following linear term,

f(x,t,u,v):r t>*sin(x) +t*sin(x) —u +v

2
3-a)

g(x,t,u,v) = >/ sin(x) +t*sin(x) +u—v

2
INCEE)
its exact solution is

u(t) =t*sin(x)

v(t) =t?sin(x)

%105
6

error

Figure 1 The U error surface of « = 0.3, = 0.5,h = 1/800,7 = 1/32.
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Figure 2 The V error surface of « = 0.3, = 0.5,2 = 1/800,t = 1/32.

Table 1. The maximum error and convergence order of U under different step

length 4, T
h T C;; ; %i Rate 0[; ; %2 Rate
1/4 1/16 3.5001e-04 9.6400e-04
1/8 1/64 7.6546e-05 2.1930 1.7456e-04 2.4654
1/16  1/256  1.8132e-05 2.0778 3.3702e-05 2.3728
1/32  1/1024 4.4187e-06 2.0368 6.8333e-06 2.3022

TABLE 2. The maximum error and convergence order of VV under different
step length 4, t

a=0.2 a=0.6,
h T B =04 Rate B =08 Rate
1/800 1/8 0.0019 0.0079
1/800 1/16 6.4888e-04 1.5340 0.0035 1.1924
1/800 1/32 2.2114e-04  1.5530 0.0015 1.1992
1/800 1/64 7.4684e-05 15661 6.5689e-04 1.2020

Example 2 Consider (1) the right-hand function as the
following nonlinear term

4+0)

f(x,t,u,v) =F(Ttssin(x)+t3“’ sin(x) -u” +v+t*sin’(x) -t*7/ sin(x)

T(4+a) '

g(x,t,uv)= tsin(x) +t*7 sin(x) =v* +u+t*% sin?(x) ~t** sin(x)

its exact solution is
u(t) =t>“sin(x)
v(t) =t*7sin(x)

TABLE 3. The maximum error and convergence order of U under different
step length 4, T

a=0.2, a=0.6,
h T B =04 Rate B =038 Rate
1/4 1/16 5.7587e-04 0.0105
1/8 1/64 1.0601e-05 2.4416 0.0024 2.1129
1/16  1/256  2.1858e-05 2.2780 5.3908e-04 2.1692
1/32  1/1024 4.7752e-06 2.1945 1.1820e-04 2.1893
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TABLE 4. The maximum error and convergence order of V under different
step length 4,

a=0.3, a = 0.6,
h T B =05 Rate B =08 Rate
1/800 1/8 0.0035 0.0145
1/800 1/16 0.0013 1.4354  0.0066 1.1307
1/800 1/32 4.635%-04 14763  0.0030 1.1626
1/800 1/64 1.6357e-04 15029 0.0013 1.1797
x107#
2
15
5 1
o
05

o 0g 06 o4

1
x t

Figure 3 The U error surface of « = 0.3, = 0.5,h = 1/800,7 = 1/32.
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Figure 4 The V error surface of ¢ = 0.3, = 0.5,# = 1/800,7 = 1/32.

VI. CONCLUDING REMARKS

For the nonlinear coupled time fractional slow diffusion
equations, the predictor corrector method is used to linearize the
right-hand function. At the same time, the time fractional
derivative is approximated by L1 scheme, and the spatial
second derivative is discretized by difference method. Then a
stable convergence numerical scheme is established. The
results of theoretical analysis are verified by the above
numerical examples, and the error accuracy of the
corresponding method is obtained.
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