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Abstract—The paper presents a closed-form analytical solution for the inverse kinematics (IK) of the 6 Degrees of Freedom (DOF) serial
robotic manipulator arm, equipped with 6 revolute joints, used in the Lunar Exploration Rover System (LERS). This robotic arm is a critical
component designed for precise operations in the challenging lunar environment. The inverse kinematics problem is essential for calculating the
joint parameters required to position the end-effector accurately, enabling tasks such as sample collection, infrastructure assembly, and
equipment deployment. By leveraging geometric principles, this method provides a computationally efficient and accurate solution to the
inverse kinematics challenge, eliminating the computational overhead typical of numerical methods. The proposed solution offers significant
improvements in real-time operation, especially for space robotics applications where precision and speed are paramount. The paper also
discusses the integration of the LERS robotic system, emphasizing the importance of this work in advancing autonomous lunar exploration

under the ARTEMIS program and beyond.
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l. INTRODUCTION

Space exploration has transitioned from being purely
speculative to becoming a cornerstone of scientific progress,
with the Moon emerging as a critical target for advancing
space technologies. Central to this mission is the development
of Lunar Exploration Rover Systems (LERS), which are
designed to enhance both the scientific exploration of the
Moon and the technological infrastructure needed for future
space endeavors. These rovers serve not only as platforms for
scientific instruments but also as testbeds for innovations that
will shape the future of lunar and planetary exploration. The
ability of LERS to traverse and interact with the challenging
lunar terrain plays a crucial role in mission success, especially
in environments where energy efficiency, adaptability, and
autonomous operation are essential.

Over the years, lunar rovers have made significant strides
in overcoming challenges such as managing limited energy
resources, navigating complex terrains, and operating in
unpredictable environments. Research in rover mobility
dynamics and autonomous control systems has been pivotal in
this area. For instance, studies conducted by Kalaycioglu and
De Ruiter have provided valuable insights into rover mobility,
advancing our understanding of how autonomous systems can
operate efficiently on the lunar surface. These advancements
have laid the foundation for the future development of multi-
rover systems and coordinated operations, promising a new
era of more complex and capable lunar missions [1-8].

The ARTEMIS program, an international collaboration led
by NASA, with contributions from the European Space
Agency (ESA), the Canadian Space Agency (CSA), and the
Japan Aerospace Exploration Agency (JAXA), is a pivotal
initiative aimed at returning humans to the Moon and
establishing a sustainable presence. The ARTEMIS program
seeks to conduct detailed scientific exploration of the lunar
surface and test the technologies needed for future missions to
Mars. LERS and similar robotic systems will be crucial for
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supporting both crewed and uncrewed missions, enabling
precise manipulation tasks such as deploying infrastructure,
gathering scientific data, and managing lunar resources [9].

As lunar exploration technologies continue to advance, the
focus has shifted beyond just mobility to include precise
robotic manipulation. This capability is essential for tasks such
as assembling lunar habitats, handling materials, and
conducting in-depth scientific analyses. The robotic
manipulator arms mounted on systems like LERS require
precise control to perform these operations effectively, and
this is where inverse kinematics (IK) becomes vital. Accurate
IK solutions allow the robotic arm to position its end-effector
correctly in relation to its base, ensuring that it can perform
delicate tasks such as assembling infrastructure, managing
space debris, or manipulating lunar samples. The
implementation of IK in space-based robotics, particularly in
the context of LERS and the ARTEMIS program, represents a
critical component in ensuring that these systems can operate
with the precision needed for future lunar missions.

In robotics, IK is essential for determining the required
joint movements to place a manipulator’s end-effector in a
desired position and orientation, which is fundamental for
tasks like pick-and-place operations, assembly, and welding
[10]. IK plays a vital role in motion planning, where robots
need to navigate complex environments while adhering to
constraints such as obstacle avoidance, minimizing energy
consumption, or achieving specific postures [11]. For
example, industrial robots often rely on IK to enable precise
and efficient movements during manufacturing processes,
allowing automation in tasks requiring high accuracy
(Schilling, 1990) [12]. Additionally, in medical robotics, IK is
indispensable for controlling surgical robots that perform
delicate procedures in confined spaces, where precision and
dexterity are paramount [13].

IK is a critical concept not only in robotics but also in
numerous other fields, such as computer graphics, animation,
biomechanics, and even virtual reality. In 3D animation and
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video games, IK allows for more natural character movements
by automating the computation of joint angles required for a
character’s limbs to reach a specific target [14]. This
technique is particularly important for simulating lifelike
human and animal motion, ensuring that characters can move
and interact with their environment in a realistic manner [15].
In biomechanics, IK is used to study human movement by
calculating joint angles based on external markers, providing
valuable insights into the mechanics of walking, running, and
performing specialized tasks. This information is crucial for
designing prosthetics, improving athletic performance, and
developing ergonomic tools [16]. Moreover, in virtual and
augmented reality, IK algorithms are employed to accurately
track users' body movements and render them in virtual
environments, thereby enhancing immersion and interaction
[17,18].

IK has been extensively studied, with methods broadly
categorized into analytical, numerical, hybrid, and machine
learning-based approaches.

Analytical methods are widely favored in simpler robotic
systems because they provide closed-form solutions, which
are computationally efficient and exact. Early work by Pieper
(1968) [19] solved the IK problem for 6-DOF robots with
spherical wrists, leading to significant advances in industrial
robots like the PUMA and Intelledex 660T [20,12]. Kang
(1993) and Zaplana and Basanez (2018) further explored
closed-form solutions for robots with specific kinematic
structures, emphasizing their computational advantages
[21,22]. These methods rely heavily on geometric and
algebraic properties of the manipulator, making them ideal for
systems with simple kinematics [23]. However, as noted by
Paul (1979), analytical solutions become challenging to derive
for manipulators with more complex kinematic chains,
limiting their practical applications.

To address the limitations of analytical solutions,
numerical methods have been developed. These methods
gradually converge to a solution by minimizing the error
between the desired and current end-point position. Jacobian-
based techniques, such as the Jacobian transpose and
pseudoinverse methods, are foundational in this area [24,25]).
The Damped Least Squares (DLS) method is a widely used
extension that improves stability near singularities [24,26]).
Numerical methods, such as Cyclic Coordinate Descent
(CCD), offer flexibility but can suffer from issues such as high
computational cost and slow convergence [18,27].
Additionally, Hollerbach (1985) and Kreutz-Delgado and
Seraji (1992) explored torque optimization in numerical IK,
particularly for redundant manipulators [28, 29]. Hybrid
methods that blend analytical and numerical approaches have
also become popular due to their ability to exploit the
strengths of both [30].

Hybrid methods are particularly effective in complex
environments, such as space robotics, where real-time control
and robustness against singularities are critical. For example,
the Space Station Remote Manipulator System (SSRMS) and
the European Robotic Arm (ERA) use hybrid 1K methods for
high adaptability [31-33]. In spatial environments, hybrid
solutions such as constrained angle addition, as reported by
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Xu et al. (2014) and Qian et al. (2020), are applied to
redundant manipulators to achieve better control [34,35].
These methods integrate the computational efficiency of
analytical approaches with the flexibility of numerical
methods, as demonstrated by Han et al. (2022) and Fu et al.
(2022a, 2022b) [36-38].

One major challenge in IK is handling redundancy, which
arises when a manipulator has more than six DOF, allowing
multiple joint configurations for a given end-effector pose.
Kreutz-Delgado et al. (1993) and Hollerbach (1985) discussed
the optimization of joint torques in redundant systems using
null-space optimization techniques [39,28]. Such redundancy
is crucial in systems like the SSRMS, where secondary
objectives such as obstacle avoidance or minimizing joint
torques can be achieved simultaneously [26,40]. Methods such
as joint angle parameterization (Xu et al., 2014 [33]) and
optimization-based solutions (Sinha and Chakraborty, 2019)
have been developed to resolve redundancy efficiently
[16,41]].

More recently, machine learning approaches have gained
traction in solving the IK problem. Neural networks can be
trained to approximate the inverse mapping from Cartesian
space to joint space, offering potential solutions that handle
redundancy and singularities intuitively [13,14]). However, as
noted by Flores-Abad and Fu (2015,2020), machine learning
approaches often require extensive training data and can suffer
from high computational costs, limiting their applicability in
real-time control [42,43]. Jin et al. (2020) and Tian et al.
(2021) explored the use of optimization techniques such as
particle swarm optimization to improve learning efficiency,
but challenges remain in achieving both computational speed
and accuracy [17,44]. Hybrid methods combining machine
learning with traditional numerical techniques, such as those
proposed by Broyden (1965, 1970), aim to reduce the
computational load while maintaining flexibility and
adaptability [45,46].

As robotic applications expand, from industrial automation
to space exploration, the demand for more precise and
efficient inverse kinematics (1K) solutions continues to grow.
Closed-form analytical methods remain highly important due
to their exactness and superior computational efficiency,
particularly in structured systems. These methods provide
precise solutions without iterative computations, making them
ideal for real-time applications where speed and accuracy are
critical. While numerical and hybrid methods are often
employed for handling complex and redundant manipulators,
they are prone to computational delays and approximation
errors, which can limit their effectiveness in high-speed,
precision-dependent tasks. Although machine learning
approaches show promise for complex systems, they still
require significant development to meet the stringent real-time
and precision demands of advanced robotic applications.
Analytical methods, by contrast, offer a robust and reliable
approach that can be leveraged effectively across various
fields, ensuring both computational efficiency and accuracy.

As the development of Lunar Exploration Rover Systems
(LERS) continues to advance, the need for precise and
efficient real-time inverse kinematics (1K) solutions becomes
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increasingly critical, especially when multiple robotic arms
must coordinate the handling of a shared payload. The ability
of two or more arms to operate synchronously while managing
complex tasks such as assembling infrastructure or
manipulating lunar samples requires an IK solution that not
only ensures accuracy but also operates with minimal
computational overhead. The design of LERS equipped with
dual arms, each capable of executing real-time trajectories
while jointly manipulating a common load, is still in its early
stages. However, developing an efficient closed-form
analytical solution for the IK of each arm is essential for
achieving the precision and speed necessary in these high-
stakes, time-sensitive environments.

This paper presents a closed-form analytical solution for
the rotational motion of LERS-equipped arms and addresses
these critical needs. Current IK methods often fall short when
tasked with handling the real-time coordination of multiple
robotic arms, particularly in complex and constrained
environments like the lunar surface. This underscores a
significant gap in the current state of robotics, pointing to the
complexities of designing a robust LERS capable of executing
synchronized operations with multiple arms. The need for
further research in this area is evident, as future lunar missions
will increasingly rely on such systems to carry out
coordinated, precision-based tasks with minimal delay and
maximum reliability.

The structure of this paper is as follows: Section 2 covers
the functional capabilities of the Lunar Exploration Rover
System (LERS) and details its mission goals. In Section 3, we
explore the system design of LERS, emphasizing the critical
components that facilitate its autonomous operations. Section
4 is dedicated to discussing the closed-form analytical
approaches for solving the inverse kinematics of the LERS
arm, incorporating a geometric analytical technique. Finally,
Section 5 provides a summary of the key findings and
suggests directions for future research.

Il.  OPERATIONAL CAPABILITIES AND MISSION OVERVIEW
OF LERS

The Lunar Exploration Rover System (LERS) marks a
significant leap forward in lunar exploration, offering a wide
range of capabilities designed to support various mission types
(Fig. 1). Its adaptable design enables LERS to perform tasks
that bolster both robotic and crewed missions, expanding the
possibilities for lunar surface operations.

A key mission for LERS is to conduct scientific
exploration and map the lunar terrain, where the rover
traverses diverse landscapes to create detailed topographical
maps. These high-resolution maps are crucial for planning
future missions, charting safe paths, and pinpointing sites of
scientific interest. Through autonomous mapping, LERS
contributes to a deeper understanding of the Moon’s
geological features and helps identify areas that may hold
valuable resources.

LERS is also central to sample collection and analysis,
utilizing its robotic arm to gather lunar rock and soil from a
variety of locations. The analysis of these materials sheds light
on the Moon’s origins, its development over time, and its
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potential to support future human activities. By conducting
subsurface drilling and regular regolith collection, LERS
provides essential data on the composition and potential
resources of the lunar environment.

Beyond scientific objectives, LERS is instrumental in
construction and infrastructure tasks. Its robotic arm is
specially designed to aid in building structures, installing
equipment, and maintaining lunar habitats. These capabilities
are crucial for establishing a sustainable human presence on
the Moon, supporting efforts such as setting up outposts and
assembling critical infrastructure.
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Fig. 1. LERS Mission Objectives and Operational Capabilities
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LERS also is intended to operate autonomously, carrying
out geological assessments, searching for water ice, and
locating mineral resources without human intervention. Its
autonomous systems will allow for ongoing exploration, even
during communication delays or operator unavailability,
ensuring continuous data collection over long durations.

Additionally, LERS will support real-time remote control,
allowing mission teams on Earth to direct its movements and
actions with precision. This feature is particularly important
for performing delicate operations in challenging
environments, such as deploying instruments or handling
fragile equipment.

LERS is also designed to integrate with international
missions, working collaboratively with other space agencies to
achieve shared exploration goals. Its ability to transport tools,
set up equipment, and carry out joint tasks enhances global
lunar exploration efforts and aids in the development of
sustainable operations on the Moon.

Ill.  OVERVIEW OF LERS SYTEM ARCHITECTURE

The Lunar Exploration Rover System (LERS) is
engineered as a flexible platform capable of supporting a
diverse array of lunar missions, with its architecture
specifically designed to address the unique challenges of lunar
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exploration. This architecture is a well-coordinated framework
consisting of multiple interconnected subsystems, each
essential to the rover’s efficiency and dependability. At the
heart of LERS is an integrated system that combines both
autonomous and remotely operated components, which
interact through an advanced communication system to ensure
seamless coordination between the rover’s movement and the
manipulation tasks performed by its robotic arm.

LERS’s architecture is broadly organized into two primary
subsystems: the remote subsystem and the local subsystem
(Fig. 2). These components are linked through a central
control unit, which facilitates decision-making and manages
the flow of data. The remote subsystem is tasked with
navigating the lunar surface, utilizing a suite of sensors,
cameras, and real-time navigation algorithms to traverse
difficult terrain. It also includes a force-sensitive gripper
designed for precise environmental interaction, enabling the
rover to carefully manipulate objects and carry out scientific
experiments. The local subsystem incorporates simulation and
control tools such as the Unity Simulator, Virtual Reality
systems, and MATLAB/Simulink environments, along with
hand-controllers for manual operation (Fig. 3).

A highly reliable communication network connects all
subsystems, allowing continuous real-time data exchange
between LERS and mission control. This architecture ensures
that the rover can function autonomously while still enabling
human oversight, even when subject to time delays. The
modular design of the system makes it highly adaptable,
allowing for future enhancements and the addition of new
tools or sensors as mission objectives evolve.

LERS System Architecture
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Fover Unity Simulator

Am Matlab & Simulink
Force-sensitiva Gripper Virtual Reality
Vision System loystick Controllar

Command & Control

Fig. 2. LERS High-Level System Architecture

The creation of the Lunar Exploration Rover System
(LERS) was guided by a systematic, iterative design approach,
where each phase concentrated on enhancing both the
mechanical aspects and software capabilities. Extensive
simulations, combined with hands-on physical tests, were
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conducted to ensure that both the rover and its robotic arm
could operate effectively under the extreme conditions of the
lunar surface. From climbing steep inclines to handling
delicate tasks in the Moon’s low-gravity environment, the
design was thoroughly evaluated. A testbed setup, replicating
real lunar conditions, played a pivotal role in fine-tuning the
system architecture. This setup was essential for validating the
system's durability and confirming that all subsystems
function cohesively to meet mission requirements.
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Fig. 3. MATLAB/Simulink™ — Control and Unity Interfaces

Attached to the rover, the robotic arms are indispensable
for carrying out precision operations, seamlessly integrating
mechanical, electrical, and electronic systems, including a
specialized Command, Control, and Communication (C"3)
module. These arms are engineered to perform a range of
tasks, from gathering lunar samples to deploying mission-
critical equipment. Figs. 4a and 4b present the actual pictures,
while Fig. 4c illustrates the CAD Model of the arm
showcasing its design and functionality. The arm's structure
features six Degrees of Freedom (DOF), allowing for flexible
movement, and is powered by brushless DC gear motors.
These motors are managed via a CAN Bus system, known for
delivering accurate torque control and ensuring consistent,

dependable performance, which is vital for scientific
operations (Fig. 4d).
The J60 joint actuator offers exceptional torque

performance while maintaining a lightweight design, making
it an ideal component for robotic systems. With a peak torque-
to-weight ratio of up to 56.48 Nm/kg (J60-10), it delivers
robust power support in applications requiring efficient and
powerful actuation. The actuator's compact dimensions are
76.5mm in length and 63mm in diameter, with a total weight
of 480g.

Electrically, the J60 operates within a voltage range of DC
18V to 36V, with a standard operating voltage of DC 24V. It

4
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is capable of handling a maximum motor phase current of
30A. In terms of torque, the J60 offers a peak torque of 19.94
Nm and a peak speed of 24.18 rad/s, with a joint torque
constant of 0.8982 Nm/A. The maximum torque-to-weight
ratio is 41.54 Nm/kg, making the J60 one of the most efficient
actuators in its category.

Fig. 4b. LERS Arm - A Different Perspective

http://ijses.com/
All rights reserved

International Journal of Scientific Engineering and Science

ISSN (Online): 2456-7361

Fig. 4c. LERS Arm CAD Model

ARM SYSTEM DIAGRAM

[Eanary DC Power Management Syatam]

MATLAB 4
SIMULINK

| #

(4

UDP Receiver motorCommand e

6DOF Arm
Can-Bus

 Brushless DC Matars
(J60-8, CyberGear)

maotorData ‘—'

| S

joystickData

Fig. 4d. Can Bus Control Interface

For feedback and control, the J60 is equipped with an
absolute value encoder with a resolution of 14 bits, ensuring
precise position feedback. Communication is achieved through
the CAN protocol, with a baud rate of 1 Mbps and a control
frequency of 1 kHz, allowing for real-time control and
synchronization in robotic systems.

The CyberGear electric motor is a high-performance
actuator designed to deliver both exceptional torque and
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power density, making it well-suited for advanced robotic
systems. The motor's torque density reaches up to 37.85
N-m/kg, while the power density can achieve 511.04 W/kg,
ensuring efficient and powerful actuation in compact spaces.
Weighing approximately 317g + 3g, this actuator provides an
excellent balance of power and weight for robotic
applications.

The CyberGear motor operates at a rated voltage of 24V
DC, delivering a continuous torque of 4 N-m and a peak
torque of 12 N-m. Its continuous torque maximum speed
reaches 240 rpm * 10%, with a corresponding continuous
phase current of 6.5A + 10%. The motor can handle a peak
phase current of 23A £ 10%, and its maximum speed is 296
rpm = 10%. The motor's torque constant is 0.87 N-m/A, and it
features a back electromotive force constant of 0.054 - 0.057
V/rpm.

In terms of mechanical design, the motor has an outer
diameter of 80.5mm and a height of 36.5mm, with a reduction
ratio of 7.75:1, optimizing its performance for precision-
driven tasks.

Communication is facilitated through CAN protocol with a
baud rate of 1 Mbps, ensuring fast and reliable data
transmission. The motor is equipped with a 14-bit absolute
encoder, allowing precise positional feedback and control.

A key element of the arm's design is the inclusion of 360-
degree magnetic encoders, which provide real-time feedback
on the servo's rotational position. This feedback loop is
essential for maintaining precise control over the arm's
movements, ensuring accuracy in delicate operations,
especially  during  scientific data  collection and
experimentation. Additionally, the brushless motors offer
programmable torque settings, enabling the arm to finely
adjust its applied force, making it highly adaptable to the
specific requirements of various tasks in a lunar environment.

IV. INVERSE KINEMATICS MATHEMATICAL MODEL

This section introduces an approach for solving the inverse
kinematics of the LERS arm, relying on geometric principles.
This method is critical for determining the joint angles
necessary to achieve a specific position and orientation of the
robotic arm's end-effector, based on geometric principles. The
geometric approach wuses spatial relationships between
different parts of the robotic arm. By analyzing the geometric
configuration of the arm’s links and joints, this method
provides a more intuitive, visual understanding of how the arm
moves through space. This technique is particularly effective
for systems with simpler kinematic structures, where the
relationships between joint angles and end-effector position
can be derived through straightforward trigonometric
calculations. Geometric methods are often faster in certain
contexts because they bypass the need for more complex
matrix operations.

To illustrate this approach, Figure 5 presents the geometric
configuration of the LERS arm, along with the assigned
coordinate frames for each joint. This setup serves as the
foundation for the geometric method, ensuring that all relevant
spatial relationships and orientations are properly defined for
the subsequent kinematic analysis.
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Fig. 5. 6 DOF LERS Robotics Arm |

We begin by defining the position vectors of the arm’s end-
effector and subsequently deduce the joint angles 8;, where i
varies from 1 to 6. The joint angles are defined by measuring
rotation around the zi axis for each joint, starting from the
home configuration. These measurements adhere to the right-
hand rule for positive rotation, as illustrated in Figure 5.

The end-effector’s position vector measured from the base
coordinate frame {Xo, Yo, Zo}.is denoted as Ps and is expressed
as:

Py = {-1‘":;- U6 3:;} (”

For the fifth joint, the position vector Ps is related to Pg by
the following equation:

Ps; = Fs — dgkg (23

where dg is the known distance along the zg axis, and Kg is the
unit vector along the zs axis.

To consider the absence of offset ds4, we project Ps onto the
plane which encompasses the link designated as a, in Fig. 5,
resulting in the derivation of .P’s .

Py = P; — dyrg (3)

where ro is the unit vector perpendicular to the plane
containing link a; defined as:

ry = {sin(#,), — cos(6,),0} (4)

Thus, the projected vector P’s is obtained, and its
components can be written as:

T5p = Ty — dysin(f;) (5)
Ysp = Y5 + dycos(by) (6)
25p = 25 (7)
From these components, we derive the relationship
involving tan(6h) as follows:
Yop _ Y5 +dacos(fy) _ tan(6,) = sin(f; ) (8)

Ts, x5 — dgsin(fy) cos(fy)

By equating the expression for ran(9:), we deduce the
following:
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dy = x5sin(f;) — ys cos(8,) (9)
Reformulating the above equation, we establish:
Ky cos(0y) + Kssin(0,) = K5 (10)
where Kj = - y5, Ko = x5 and K3 = da.
We apply the half-angle substitution by letting
t = tan( 61/2), which leads to:
11—t 2t
cos(b,) = 18 sin(6,) = e (11)
This gives us a quadratic in t:
(K3 + Kt — 2Kqt + (K3 — K;) =0 (12)
Solving for t, we find:
yiCE= K; — (K? - K3) _ o .
t= R T K, = tan | = (13)
The angle 6, is then:
B Ky + \/K? — (Kj — K3}) )
6, = 2arctan ( K, 7K (14)

Alternatively, we can express 6 in terms of o, where o is
the angle between the x5 and y5 components of the position
vector.

d, s

v ) 09

ﬁ =sin(f — a) (16)
Then,

# — a = arcsin (v’r.:_/l—|r,r'3) (17)
And, o

tan{a) = lt' (18)
We obtain:

fl; = arcsin Lﬂ + atan2(ys, x5) (19)
ER:
The angle 05 is determined by the orientation relationship
between vectors ro and k. The cosine and sine of 85 can be
found as:

cos(f;) =g - kg, sin(f;) = ||rg x kgl| (20)
Therefore, 05 is computed as:
H.-_.' - I‘T—fﬂn?{”ru X kﬁ”. I'“ . kﬁ} [21]

The joint angles 0,, 05, 04 lie in the plane defined by links a,
and az, and the projection of link ds. The cumulative angle ¢ is
given by:

szﬁlz f H;{{Hl

4

i

(22)

b |

We determine the vector ks as the cross product of ro and
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(23)
The angle ¢ can then be calculated as the angle between ks
and the local horizontal unit vector ri:

k; =g % kg

r, = {cos(#,),sin(#,),0} (24)
The angle ¢ is given by:
¢ = atan2(||r1 % ks||,r1 - ks) (25)

The new variables X and Z are expressed in terms of Xsp, Ysp,
and zs. Specifically, X is defined as the magnitude of the
projection on the x-y-plane, which can be represented
mathematically as:

}: = v.i"%p i .Ul_:j.i'

On the other hand, Z is equated to zs,, which is identical to
zs, implying that Z = zsp = zs.

X and Z are demonstrated in Figure 6 below. The X-axis
represents the local horizontal axis, which is attached to the
rotating frame and subject to rotation by 6.

/¢

O3
z| Y

Q 3

q

*8

Fig. 6. Definitions of X and Z

In the local plane coordinates, the expressions for X and Z
are:

X4 Z; :ﬂzf,t'jﬁ'ﬂ } ﬂ:i!-_,f_'.i(f‘?:i+6'.|]j ' .'f_.’pu‘-ﬁ

X-Zj= ﬂzf,i—fﬁ_ﬁl : '.Ir;(,{—.f[“::—ﬁ'm } r'lr.r,!?[_jo']

(26)
(27)

Multiplying these equations yields a relation in the cosine
and sine terms of 6.:

[2a: X — 2a,d; cos(¢)] cos(fy) + [2a3Z — 2aqds sin()] sin(fy) (28)

= X2+ 7% + a} + di — af — 2d; Z sin(¢) — 2d; X cos(e). (29)
This equation can further be written as:

7
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Ly cos(fz) + Lasin(fs) = Ly (30)
where L3, L,, and L3 are defined as:

Ly = 2a:X — 2asd; cos(g) (31)

Ly = 20,7 — 2aqd; sin( o) (32)

3

Lyi=X%24+7%4 ﬂﬁ | rf% rri 2a3Z sin(¢) — 2d5 cos(o) (33)

This can be simplified to a quadratic equation by expressing
6, with half-angle substitutions in terms of ¢ = tan(6./2):

(Ly+ L) — 2Lpt + (Ly — Ly) = 0. (34)

Solving for t gives us:

2 9_)
P U mu(;‘]. (35)
and hence,

Lo+ /12— (L3 -17) _
s = 2arcts . 36
5 AT'C 111( L.+ L (36)

Given 6, and the vector lengths, we define the following for
convenience in the derivation of 8s:

Ly=X — aycos(fy) — d; cos(a), (37)
Ly = aycos(#,), (38)
Lg = agsin(#s). (39)

The trigonometric identities for cos(@s) and sin(@s) in terms
of the half-angle tangent ¢ = tan(6s/2) are:

1—¢2 _

cos(fy) = L (40)

. 2t .

Hlll[ﬁl:;} = ﬁ ( 1]._I
Solving for t using the quadratic formula gives:

o Lg+ \/LE: [L% L%}' . ty a4

t = Tii L. = tan (?) . (42)

Therefore, the angle 65 is computed as:
Lg+ /L2 — (L3 - 12
f, = 2arctan ( 6 VI~ L "}) .

L| } L_-J
The angle 6, is derived from the cumulative angle ¢, which
accounts for the sum of 6, 63, and 0i, adjusted by —n/2. We
find 64 by subtracting the known values of 8, and 63 from ¢:

(43)

By = — (B2 + 6) + T (44)

To compute G, the angle between the unit vectors ms and
ms, We use the dot product for cos(@) and the magnitude of
the cross product for sin(6s):

cos(fs) = mg - mg, (45)

sin(fs) = ||mg x mgl|. (46

where ms and mg are the unit vectors along the xs and X,
respectively. The angle 6s is then given by:

http://ijses.com/
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g = arctan 2(||ms; x mg||, ms; - mg). (47)

where ks = ro x ke and ms = kg % ks. The vectors ms and ks are
the unit vectors along the axes xs and zs, respectively.

Figure 7 demonstrates the high accuracy of the analytical
solution. The circles represent the exact positions of the end-
effector, while the crosses (x) indicate the positions calculated
using the joint angles obtained from the analytical inverse
kinematics. The close alignment between the two sets of
points highlights the excellent agreement. The exact locations
are randomly selected within the robotic arm's reach.

Verification of Analytical Inverse Kinematics

© Inverse Kinematics Solutions ("o")
x Validation Points ('x")

Z-axis

X-axis

Fig. 7. Validation of Inverse Kinematics

V. CONCLUSION

The development of a closed-form analytical solution for
the inverse kinematics of the 6 DOF serial robotic manipulator
used in the Lunar Exploration Rover System (LERS)
represents a significant leap forward in the field of space
robotics. This solution enables the precise control of the arm's
6 revolute joints, allowing it to perform a wide range of
critical tasks on the lunar surface, from delicate sample
collection to the assembly of infrastructure needed for
sustained human presence. The geometric approach used in
this study offers a streamlined and computationally efficient
method for solving the inverse kinematics problem, providing
exact joint configurations without the iterative processes and
high computational demands typical of numerical methods.

The solution's effectiveness in handling real-time
operations makes it particularly valuable for space missions,
where time delays and limited computational resources pose
significant challenges. The ability to operate autonomously in
complex, unpredictable environments like the Moon is crucial
for advancing space exploration, especially in the context of
the ARTEMIS program, which aims to establish a sustainable
human presence on the lunar surface. This IK solution also
opens up new possibilities for multi-robot systems, where
multiple robotic arms could work in coordination to manage
shared payloads or execute highly synchronized tasks.

The findings presented in this paper have broader
applications beyond lunar exploration. They are relevant to
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future space missions that require reliable and precise robotic
systems for satellite servicing, space debris removal, and in-
orbit assembly. As space exploration evolves, the integration
of advanced robotic systems, such as the LERS arm with its 6
DOF capabilities, will become increasingly important for the
success of both crewed and robotic missions. This research
highlights the need for continued innovation in robotic control
systems to ensure that space missions can be conducted safely,
efficiently, and with minimal human intervention.
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