Volume 8, Issue 8, pp. 90-93, 2024.

International Journal of Scientific Engineering and Science

ISSN (Online): 2456-7361

Random Attractors for Stochastic p-Laplacian Lattice
System with Multi-delay Driven by Lévy Noise

Guofu Li, Mingduan Liang, Hailang Bai
School of Mathematical Sciences, Guizhou Normal University, Guiyang, China
Email address: wangyanbettter@163.com

Abstract—In this paper, we study the dynamical behavior of stochastic p-Laplacian lattice system with Lévy Noise and Multi-delay. We transform
the lattice system with Multi-delay into a lattice system without delay. Then we prove the existence and uniqueness of solutions of system [1.1] by
the uniform estimates of solutions. Finally, we choose a Hilbert space as a phase space to investigate the existence and uniqueness of weak
pullback mean random attractors. The results of this article is new even the stochastic lattice system driven by single delay or Lévy Noise.
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l. INTRODUCTION

Nowadays, time delays often appears in various control
systems, such as transmission phenomena, measurements, see
[4,7]. Time-delay systems (TDSs) are the class of dynamic
systems. In recent years, the analysis of TDSs have become a
research hotspot. Many scholars study the delay lattice system,
see [1].

Lévy noise as a non-Gaussian noise with heavy tails and
jumps, which makes the application of TDISs noise more
widespread [12, 6]. Therefore, it is necessary to study stochastic
systems driven by Lévy noise.

Inspired by the above works, we study the dynamical
behavior of multi-delay stochastic p-Laplacian porous medium

lattice system defined on the integer set Z* with Lévy noise:
dv;(t) + A, (v(£));dt + av;(t)dt

=6 ) (e = p2)) + B (0))AW(©)
k=1

+G;(vi(t — py))dt + b;(t)dt (1.1)

ey [ (Rt - p + ) Lo dy),
=1 Jlvkl<i
vi(7) = V0,1, Vi(S) = ¢pi(s —7),s € (T — p,7),

wherek,i e N; t >17,7T€R; a>0; €,,e, > 0 are noise
parameters; p,pi,p2,p; are delay parameters, p =
max{py, p2, p3}; Ay is the discrete d-dimensional p-Laplace
operator; (G ezx » itdeenient + (Fkenenr € three
sequences of continuous functions with arbitrary order
superlinear growth rate; b = (b;);czk, h* = (hje; (t)) ken ezt
and h* = (hi;(t))eniezc are two £2 -valued stochastic
processes( Il ' II°= ey Il hj(t) I’< o0 and | h? |I>=
Yien | hjz(t) 1< o). (W, renis a sequence of independent
two-sided real-valued Wiener process defined on a complete
filtered probability space (Q,F, {F;}ier, P); Ly is a Poisson
random measure, v, is a Lévy measure with [ (ly|* A
Dve(dy) < oo and L,(dt,dy) = Li(dt,dy) — vi(dy)dt. In
this paper, we will prove the existence and uniqueness of
solution of lattice system (1.1) with Multi-delay and Lévy noise,
which is a meaningful and challenging work.
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Moreover, the main purpose of this article is to study the
existence and uniqueness of weak pullback mean random
attractors of (1.1) . Due to the noise coefficient of the system is
nonlinear and the Lévy noise is discontinuous, we currently do
not have a method to convert the stochastic lattice system into
a pathwise deterministic system.

And we cannot study the pathwise random attractors
introduced by Crauel and Flandoli in [2]. Therefore, we study
mean attractors proposed by Wang in [8]. We can apply the
theory of weak mean random attractor in the reflexive Banach
space. In order to solve this problem, we choose a product
Hilbert space L?(Q,F,;#%) x L>(Q, F,.; L*>((—p,0),4%)) as a
phase space to investigate the existence and uniqueness of weak
pullback mean random attractors.

Next, we present the main results of this article.
Theorem 1.1. Suppose (2.4), (2.5)-(2.6), (2.7)-(2.8) hold.
Then for anyv, € L2(Q, F,; £%)and ¢ €
L?(Q, F,; L ((—p, 0), £%)), system (2.12) has a unique solution
v in the meanning of Definition 3.1. For any T > 0, we get
E[l v 1 jr.cery,eny] < KCE vo 7] +

0 +T
f E[l ¢(s) I°]ds + T + f E[Il I(s) I12]ds)eXT, (1.2)
- .

where K > 0 is a constant independent of vy, ¢, p, t
and T.

Theorem 1.2. Suppose (2.4), (2.5)-(2.6), (2.7)-(2.8), (4.3)
hold. Then the mean random dynamical system & related to
(2.12) has a unique weak D-pullback mean random attractor
A=A®):T € R} € DinL2(Q, F; £?) x
L2(Q, F; L2((—p, 0), £2)) over (Q, F, {F;}ier, P); this is,

(i) A(r) is a weakly compact subset of L2(Q,F,; £?) X
L? (Q, F; LZ((—p, 0),{’2)> for every T € R.

(ii) A is a weakly D-pullback attracting set of @.

(iii) A is the minimal element of D with properties (i) and (ii).

Il.  THEORETICAL PREPARATION

The following some useful assumptions will be frequently
applied throughout the entire paper.

In this article, we will use the following inequality many
times,
[x|x|"72 = z|z|" 72 < G, (Ix]" 72 + |2 72) |x — 2],
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(Vx,z € R,y > 2). 2.1
Suppose g = 0, 1,, 3 = 0 are constants, if r, > ry, there exists
a constant k > 0 such that

K—1, + 13" < 0. 2.2)

Let £7:= {u = (U;);egr: Diezk Ui < +oo}for r > 1, and
the norm of £"is denoted byl|l-I,..

The norm and inner product of £2 are defined as |-l and (-,-),
respectively.

We define two operators By, Bj: €% — €% by (Bav); =
Viar1 — Vi, (Bav); = va-1—v;, ford € [L,k]nN and v =
(vi)iEZk € 'gz.

Then the discrete d -dimensional p -Laplace operator
A,v: €% — £% withp > 2 is defined by

k k
(Apo)i = ) BillBavP 2B = = ) ((Bio)ilP™?
a=1 d=1

X (Bgv); + [(Bqv)i[P7% X (Bqv),). (2.3)
Next, we will make more assumptions:b = (b;) ¢k, by, =
(hk)iege and hi = (h%);cpx are €2 -valued progressively
measurable processes such that
[TEINB) 1P+ Ty 1Rk () 124 iy I RECE) 12]de =
SETEINIE®) 1%] < 00, VT €R,T > 0. (2.4)
G;: R — R is locally Lipschitz continuous in i € Z*; that is,
for every bounded subset B of R, there exist a constant ¢; =
¢1(B) > 0 such that for any z;,z, € R,
1Gi(z1) —Gi(zo) IS¢y 12y — 25 | (2.5)
For every n € N, there exist positive constants f;((8;);czx €
£2) and 6, such that for any z € R,

[G(@)ISB+0,1z] (2.6)
Forany k € N, i € Z¥, there exists ¢, ;(n) > 0
such that z;,z, € Rand |z,| V |z,| < n,
fiei(21) = fi(2)IV f|yk|<1 1fi:(21, yi) —
fiti(Z2, i) vie(@yi) < i)z — 2, 1%, (2.7)

where || c(n) 1= Tken Ziezk Ik i(m)] < oo.

Forany k € N and i € Z*, there exist &y, 6;; > 0 such that
fei @IV J,, 1 i@y Pvic(dyie) < Sii + Oicilz]?, (2.8)
where || § lI= Xren Ziezk [0kl < o0, and |6;;| =
YikeN Ziezk 1Okl < .

We write v = (1);cgk » GV) = (Gi(V))jegr » fr(W) =
(fiiW)iegr s FE@WYi) = (&, ¥i)) iz » Tor k €N By
(2.4)-(2.5), we find that G:¢%2 > ¢% is locally Lipschitz
continuous; that is, for every n > 0, there exists a constant ¢, =
c,(n) > 0 such that for allu,v € £2 with|| u [< nand || v II<
n,

IGw) —GW) PS¢, lu—v?
and || G(W) 1< 2 1l B I7+ 262 Il v II% (2.9)

By (2.7)-(2.8), we find that there exists c; = c;(n) > 0 such

that for all u, v € £ with|| u [< nand || v I€ n,

D IR@ @RV | 1w

keN ken “1vkl<1
— W,y )9 (dyi) < cs llu—v 17,
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PRNAC ||2v2fI

I sz(v, yi) 17 v (dyy)
keN icen 7 1Ykl<1

<2081+ 216 1121 v I3 Vv € £2. (2.10)
By [11], we know that A,:€* — £* is locally Lipschitz
continuous; that is, for anyp =2,y > 1, u,ve 3 ul<
nand || v II< n, forevery n € N, there exists ¢, = c,(n) > 0
such that
Il Ay(w) —A,() IPS ¢;() lu—v |I?
and (A, (u) — A,(v),u —v) = 0. (2.11)
Based on the above notation, the system (1.1) can be written
the following system in #2 as
dv(t) + A,(v(8))dt + av(t)dt

=) (R - p) + (D) dW,(©)

+ G(’;Z(i — py))dt + b(t)dt

+ ¢ (w(t = p3),yi)
€2 ; flyk|<1 (fk v P3) Yk
+ hi(©))Le(dt, dyy),
v(1) = vy, v(s) = p(s —1),s € (T —p, 1),
where vy = (Vo) ;ezk and @ = (P;); ez

I1l.  EXISTENCE AND UNIQUENESS OF SOLUTION: THEOREM
11

Definition 3.1. Suppose that v, € L2(Q, F,; £?) and

¢ € L2(Q,F; L*((—p,0),£%)) . An £% -valued stochastic

process v(t),t > T — p, is called a solution of system (2.12)

if

() v e L*QF; L2((t — p, 1), £%)) and v, = ¢.

(ii) v is pathwise continuous on [z, ©), F,-adapted for all

t=>1,v(t) =vy, and v € LZ(Q, C(r, 7+ T],{’Z)) for all

T > 0.

(iii) For all t = 7, the system (2.12) over (z, t) holds,

P-a.s.

The proof of Theorem 1.1

Proof Now, we prove the existence of the solutions to (2.12)
on [z,t + p].By (2.9) , for ¢ € L2(Q, F; L*((—p, 0),4?)), we
get

E[7 1 Gt = po) 1P dt] < 2p I B 1P+
zafE[f_"p‘l"l Il §(t) I12]dt < oo. (3.1)

By (2.10) and BDG's inequality, by [5, Lemma 8.22], for t €
(7,7 + p], we get

26, E[sup | Iy [ (ft(w(s — py)) +

TST<t

B(S), (N AW ()] + ELsup | S J] f, cr D w(S) +

€2(fE(s = ps), yi) + Bi(s) 12 =1 v(s) 12 L (ds, dy,)|] <
SE[sup Il v(s) I2] + 16€ZCZ 1 6 12 E[J* ** I

TSS<t

$(s) I%]ds + 4(4€3C3 + €3C) 10 1% {7 P
¢(s) I2]ds + Cy 11 6 17 p + CSE[f; Ty (I hi(s) 12 +1

(2.12)
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hi(s) I)]ds
where C;, C, and C5 isa positive number.
C_4 = (16€2C? + 16€3C2 + 4€3C,, Cs = (8€2C
8€2C% + 2€2C,).
By (3.1)-(3.2) system (2.12) on [z, T + p] can be
transformed into the following system without delay:
dv(t) + Ap(v(t))dt + av(t)dt
= €1 Xk=1 (fk wEt—p,—1))+ hi k()))aw,(t)
+G(v(t — py — ))dt + b(t)dt

+€2 Lk=1 f|3’k|<1 (R (t—ps — 1), yi)

+hi () Li (dt, dy),
v(1) = V.

Then by [1, Theorem 3.1], by conditions (2.4), (2.5)-(2.6),
(2.7)-(2.8), system (3.4) has a unique solution v defined on
[t,T + p] such that € L2(Q, C([z, T + p], £?)).

Review this discussion, we can extend the solution v to the
interval [z, ) such that v € L2(Q, C([t,T + T], #%)) for any
T > 0 .Next, we start the uniform estimates of solutions.
Applying Ito's formula to (2.12), we get
d Il v(®) 12+ 2(4,(v(D), v(©)dt + 2a Il v(t) I? dt

= 2(G(v(t — p1)), v(t))dt + 2(b(t), v(£))dt

v, J, v e

k=

A

(3.3)

FR2(E) 12 v (dy,)dt + €2 Z I f(v(t = p)

hie() 17 dt + 2€; Ny <V(t) fk (w(t—p2)) +
(t)>de(t) + Xr=1 flyk|<1 [l v(®) + 2 (f (w(t =
p3), Vi) + h2(®) 11> =1l v(t) 2] Li(dt, dyy). (3.4)
By (2.9), forall t € [z,7 + T], we have
2 [ (G(v(s — p)) v(s)ds < (267 + 1) [ |
v(s) IPds+2 1 B I? (t—1) + 267 f Il ¢(s) I ds. (3.5)
By (3.4), (2.10)-(2.11), similar to (1 2) (3.2) and (3.5), we get
E[sup Il v(r) I*] < E[ll vo I1?] + = IE[sup Iv(s) 7] +

TSTr<t TSS<t

Co(t—1) + C7IE[f_0p Il ¢(s) I2]ds + CsE[[. Il I(s) I*]ds +

E[f, lv(s) I2ds],  (3.6)

where Co = (2 1l B I°+ 4(4€2C? + 4€5C2 + €2C, + €2 +

ENIS IIZ) C, = (20 + 4(4—612C1 +4€2C2 +€2C, + €2 +

€2) 1 6 11%),Cg = (2(4€2CE + 4€2C2 + €2C, + €2 + €3) ||
01?24+ 1),Co = (2 + 207 + 4-(4-612C1 +4€3C:+ €5C, + € +
€2) 16 1?).By (3.6) and Gronwall's inequality, for all t €
[t,T+ T] and T > 0, we complete the proof. In order to prove
Theorem (1.2), we first define a mean random dynamical
system.

For all T € R and t € R*, let ®(t,7) be a mapping from
L*(Q, Fy; €2) X L2(Q, Fy; L2((—p, 0), %)) to L2(Q, Frpq; £%) X
(Q, Frar; L2((=p, 0),€2)) given by &(¢, 7)(vo, ) = (v(t +
T, T, Vo, ), Veao (5 T, Vo, §)),FOr any (vo, ) € L2(Q, Fy; £2) X
L2(Q, F,; L2((—p, 0), %)), where v(t; T, v, ) is the solution
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of (2.12), and v, (n; T, Vo, ) = v(t + T+ 1; T, vy, @) forn €
(=p,0).

Then @ is a mean random dynamical
L2(Q, F; £%) X L>(Q, F; L*>((—p, 0), £%)) over the

system on

IV. .EXISTENCE OF WEAK PULLBACK MEAN RANDOM:
THEOREM 1.1

Next, we present the existence and uniqueness of weak
pullback mean random attractors of (2.12). For convenience, for
every T € R, we set

H; = [2(Q,F; £2) X L2(Q, F; L2((—p, 0),£2)).

And H; is a product Hilbert space with norm

1

I (o, ®) N, = (E[ll vo llp2] + f_op E[Il ¢(s) ll,2]ds)z , for
all (ug,9) € H, hold.

Moreover, we assume €4, €, in (1.1) are small enough
satisfy Il 6 12 (¢ + €3) < a — V26, then by (2.2) we find
that there exist posive numbers @, A such that

V260,(1 +e®P) + 4 || 6 1|2 (€% + €2)e™
+1+ @ —2a<0. (4.1)

Let U={U(r) € H;:T1 € R} be a family of nonempty

bounded sets such that

Tlir_nwe’” Il U(T) I, = 0,and Il U(1) g,
= sup

I (vo, P) "HT'
(vo.)EH

Denote by D = {U = {U(7) € H;:t € R}: U satisfies (4.2)}.
We will prove that the system (2.12) has a unique weak D-
pullback mean random attractor. Therefore, for @ > 0, which
is the constant as in (4.1). we further suppose that for every t €
Rl
I €™ E[ll b(s) P+ iy (I hie(s) I +lI
h2(s) I12)]ds = [°_ e®SE[ll I(s) I%]ds < oo. (4.3)
Lemma 4.1 Suppose (2.4), (2.5)-(2.6), (2.7)-(2.8), (4.3) hold.
Then for any 7 € R and U = {U(t)};er € D, there exist T €
R,T =T(t,U) > psuchthatforallt > T,
E[ll v(5;7 — t,v0,¢) 1] + [° Bl ve(si 7~

t,vo, @) I°1ds < Ky (J7,, e"CVE[ERL, 111(s) IP)ds,

where K; is a positive constant depending on

0,,@,p,8,1,€,,€,, but independent of 7, p and U.
Proof By (3.4), forany t > 0 and r € (t — ¢, 7], we have

e E[ll v(r) 1] = e OE[ll vy 7] -
2 [, e E[(A,(v(s)), v(s))]ds + (@ —
2a) [, e®E[ll v(s) I2]ds + 2 f]_, e®SE[{G(v(s —
p)),v()ds +2 [, ePE[(b(s),v(s))]ds +
23y [, e E[ll fi(w(s — p2)) + hi(s) I%]ds +
€30 [y Jy i €T BN fE (s = pa)yi) +

hi(s) IPvie(dyi)ds = X7y I - 4.5)
For the fourth term on the right-hand side of (4.5), by (2.9),
we obtain

(4.2)

44
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T 1 r
I, < Af eTSE[l v(s) 12]ds + —f e
T—t T—t

A
E[ll b(s) I1?]ds. (4.6)
For the sixth and seventh terms on the right-hand side of (4.5),
by (2.10), we have

Is +1; < 2(ef + €)Xy [, e Elll hie(s) I +I
2 2 2
B2 (s) 12)ds +HEEDE (por _ a4 4 6 )2 (¢ +
€2)e® [T e™E[ll v(s) I2]ds + 4 11 0 1% (7 +
€2)e™P @) f_”p ePSE[ll ¢(s) I12]ds.(4.7)
By (4.5)-(4.7), (4.1), we get forall r € (7 — t, 7]
e E[ll v(r) 2] < e®TVE[|l vy I12] + Cg(e® —
™) + (26} +€3) +35) Ty [, e EIl I(s) I2]ds +
(416112 (€2 + €2) +V26,)e@Pe™D f_"p e®SE[ll
d(s) I?lds, (4.8)
2
where Cg = V2N
w6, @
By (4.8), similar to [1,Lemma 3.1], forallr € (t — ¢, 7], ¢t =
p, we get
E[l v(t;T — t, v, ¢) II?] + f:_p E[ll v(s;T —
t, v, d) I1?]ds < (1 + petP)(e P E[ll vy 1] + (41l
0 112 (2 + €3) +v20,)e™® ™0 [° E[ll ¢(s) I7]ds + Cq +
(22 + ) + D Tie [, eCE[I(s)]ds) = (1 +
pet) Yils I (4.9)
For the first and second terms on the right-hand side of (4.9),
(vo, ) € U(t — t), we find
< (e + (416017 (67 + €3) +V26,)e”P™D)e™
| U(z —t) II>~ 0,ast — oo,

The proof of Theorem 1.2
Proof For every 7 € R, we define Q(z) = {(v, ¢) € H;:

Il (v, $) I2,< Q()}, and Q(x) = K, (J*, e™¢™

4(e2+€2)15112
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E[Xe-, I I(s) II* ds), where K; > 0 is the same number as
in (4.4).
Because Q(t) is a bounded closed convex subset of H,, it is
weakly compact in H,. Then by (4.3), Lemma 4.1 and [9,
Theorem 2.13], similar to the poof of [1 Theorem 3.1], we can
complete the proof.
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