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Abstract— In this paper, the spectral element method for one-dimensional second-order interface elliptic problem is given. First, the
corresponding Sobolev space is defined and established variational form and its discrete scheme. Secondly, the existence and uniqueness of the
weak solution and its approximate solution are proved theoretically. In addition, the implementation process of the algorithm is described in
detail, and a large number of numerical examples are given to prove the advantages of our algorithm. The results show that the algorithm can
achieve excellent convergence and ultra-high precision for interface problems.
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l. INTRODUCTION

The second-order elliptic interface problem is an important and
fundamental problem, and many complex nonlinear problems
in engineering research and scientific calculation are finally
reduced to solving the second-order elliptic interface equations.
Many results have been obtained in theoretical analysis and
numerical calculation of second-order elliptic interface
equations [1,2,3]. These numerical methods are mainly based
on the finite element method [4,5] and the finite difference
method [6]. In [7], Hansbo A and Hansbo P propose a non-
fitting finite element method for solving elliptic interface
problems based on Nitsche's method. In [8], Chen L proposed
the trigonometric method of Stokes equation. In [9], Li Hong
proposes a posterior error estimation method for Galerkin finite
element method based on polygonal mesh.

It is well known that finite element method is flexible in
the field of computation, while spectral method is a high-order
numerical method with spectral accuracy [10,11]. However,
there are few reports of using spectral element method to solve
one-dimensional second-order elliptic interface problems.
However, such numerical methods like spectral element
method are of great practical significance for one-dimensional
interface problems. Therefore, the aim of this paper is to find
an efficient spectral element method for one-dimensional
second-order elliptic interface problems. Firstly, according to
the boundary conditions, proper Sobolev space is introduced to
establish the weak form and discrete form of the second-order
elliptic interface problem. Secondly, the Lax-Milgram lemma
is used to prove the existence and uniqueness of the weak
solution and the approaching solution. In addition, the
construction of the basis function and the implementation of the
algorithm are described in detail. Finally, a numerical example
is given to verify the effectiveness and spectral accuracy of the
proposed algorithm.

The rest of this article is structured as follows. In Section
2, we define a class of Sobolev spaces and establish variational
forms and their corresponding discrete formats. In section 3, the
existence and uniqueness of understanding is proved. In Section
4, we carefully construct the corresponding basis function in the
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approximation space, and the corresponding equivalent matrix
form is given. In Section 5, a numerical example is given to
verify the correctness of the theoretical analysis and the
effectiveness of the algorithm. Finally, it is summarized in
section 6.

Il.  WEAK FORM AND DISCRETE SCHEME

In order to better demonstrate the algorithm implementation
process, we consider the following second-order elliptic
interface problem:

-Ax+ak =g,
k(1) =0,
where k is a function of x which belong to the interval (—1,1),

and « is a layered medium coefficient as follows:

1, in(-10],
a= i
2, in(0,1).
Next, we establish the variational form of the equations (1)

and their corresponding discrete formats. First, we introduce the
following Sobolev space:

BGM%%M&#W<@,
Hi(-11) ={x:x,0,x € I’(-11), x(+1) = O}.

The corresponding inner product definition and the norm

induced by the inner product are defined as follows:
1

. 1
(x,0) = Lm)dx, | «ll=(x,x)?, @)

in(~1,0]u (0,1), o

1
(x,0). = Illéxkﬁxudx, Il = (x,5)2. @3
Then, the weak form of (1) is: Find k € H!(—1,1) such that
a(x,v) = f(v), VYveH(-11), 4)
where

1 1 1
a(x,v) =I_18XK6XVdX+J_laK‘VdX, f(v)= j_lgvdx.
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Note Py as the set of all polynomials representing degree N at
most. Define the approximate space Vy=H!(—1,1)NPy, then
the discrete format corresponding to (4) is: Find x € Vy, such
that

a(ry,vy)=T(vy), Y, eVy.

I1l.  EXISTENCE AND UNIQUENESS OF SOLUTION

We use a < b to represent a < cb, where ¢ is a positive
constant.
LemmalV x € H:(—1,1),there holds

| wdll™ I .. (6)

Proof. According to (2), (3) and Cauchy-Schwarz inequality,
it is obvious that

[ wax=[ (["o.xdc)ax<[[[" @.x)de] 1dr]ax

~ [ ! 24~ [t 2
L1de(aT;<) dr L(axx) dx.
This finishes our proof.
Lemma 2 a(k,v) is a bounded and positive definite bilinear
functional on H(-1,1) x H}(-1,1) , obviously for
V(x,v) € H}(—1,1) x H}(-1,1), the following inequality
holds

la(x, V) I «lLll vil,,  a(x, x) %dl «I2. (7)

Proof. From Lemma 1 and Cauchy-Schwarz inequality, we
have

|a(e,v) H [ 0,00,vex+ [ anvax | [ (6XK)de]%[fl (axv)zdx]%
([ ) ([ ) I el
In addition, we derive that
a(x,x) = J._ll (0,x)2dx + j_llalczdx %ol 2,

there is no doubt that the proof is completed.
Lemma 3 If f € L?(—1,1), f(v) is a continuous linear
function on H1(—1,1),i.e.

[ f(V)] VL. (8)

0s 0
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Proof. From Lemma 1 and Cauchy-Schwarz inequality, we
have

) [ evax [l gl il v i,

Then, based on lemmas 2-3 and the Lax-Milgram theorem, we
get the following theorem 1:
Theorem 1 If f € L2(—1,1), equations (4) and (5) exist
unique solutions k and k,, respectively.

IV. DESIGN AND IMPLEMENTATION OF THE ALGORITHM

In this section, we shall describe how to efficiently solve (5).
We start by constructing a set of basis functions of the

approximation space VN .
Let

o (t) = L| (t) - Li+2(t)’ (I = 0111 " N _2)!
where L| (t) is a Legendre polynomial of degree I
Set

t, = 2x+1,&(t) = x(x), f (t,) = (), x & (-1,0),

t, =2x—1,&(t,) = k(x), f (t,) = c(x), x € (0,1).
We define the following internal basis functions:

_lo(t(x). xe-10) _o xe(-10)
(%) _{0, xe(0,1), fui(X)= {cﬂi (t.(x)), xe(0),
where i =0,1,---, N —2. Define the basis function at the
interface:

( ) ¢N—1,1:]L2(X)’XG(_L0)’
Py (X)=
Oyt = #,X €(0,1).

Set the Rf is the interface, the graph of the various basis

functions and their derivatives for X is as follows:

4 |
1 08 )

Fig. 1. The figures of the basis functions of x (left) and the derivatives of the basis functions (right) with N=4 and i=0,1,2.

It is obvious that

VN = U Span {¢j,0’¢j,1""1¢j,N—2}@Span {¢N—1}'

=12
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We expand K as follows:
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N-2 N-2
N = Kyafat Z Ky + Z Ki i (9)
i—0 i—0

Substitute (9) into (5) to calculate, and let VN go through a set

of basis functions in VN , then (5) can be reduced to the
following matrix form:

A +C, 0 (B,+D)’ U, F
0 A +2C, (-B,+E)' || U, |=|F,
B,+D -B,+E do Ky f
where

A1 = (al“)! B, :(b'l)’cl = (C}i)’ D=(d) A= (a]?i)v

(b|2) ( |) E_(ei)’Ul:(leo,lll"’leN—Z,l)T’
Uz = (’eo,z""’KNfz,z)Ta F1 :(fo,v"'1 fN—Z,l)T’ Fz :(fo,zf'" foz,z)T:
and
,=2[ 0,80 805 = [ 0 8.y = [
a8 =2[ 0,4,0,8, 0,07 = [ 0.4, 0t,.05 == Jf1¢z,i¢z,jdtz,
1
_EJ‘I(”Nfl,l%,jdti’ej j 2N 12¢21dt2’f11 J ft, )¢1 dt;,

o=zl 00 b= ot 2 [ Fa

1
9= 2,[ _1[611(0N —1,1]2dt1 + 2,[ _1[89 Py -12]2 dt,

1
+ 5 .[-1 (013 dt+ L ("ri 10,
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where i, j=0,1,---,N —

V. NUMERICAL EXPERIMENT

To demonstrate the convergence and superior accuracy of
our algorithm, we will conduct a series of numerical tests in this
section. The problem (1) are computed by using the spectral
element method with different N. Our programs are compiled
and operated in MATLAB R2023b.

Let x (x) be the approximate solution of x(x). The error
between the exact solution and the approximate solution is
defined as follows:

e(r, k) =l k(x)—xy (Xl

L (-11)"

x (%2 .
Example 1: In the case of k(x) = cos;e(z) , which
obviously satisfy (1). And then we can get ¢(x) from (1).
When N = 50, the exact solution, the numerical solution and
the error diagram are shown in Fig. 2. Table 1 lists the errors
for different N.

It can be observed from Table 1 that when N > 30, the
approximate solution has an accuracy of about 1075, In
addition, Fig. 2 shows once again that our algorithm is stable
and highly accurate.

Example 2: We set k(x) = sin [———]e?*. Then we can

acquire ¢(x) from (1). The exact solutlon, the numerical
solution and the error figure between them are presented in Fig.
3. The errors e(x, iy ) for different N are listed in Table 2.

Likewise, it can be observed from Table 2 that when
N > 40, the approximate solution has an accuracy of about
1075, In addition, Fig. 3 shows once again that our algorithm
is stable and highly accurate

77:(1+x)

)&
04

Fig. 2. Figures of the exact solution and the numerical solution with N=50 (left) and the error between them(right).

TABLE 1. The error between the numerical solution and the exact solution with different N.

N=20 N=30 N=40
e(x,ky) 1.75345849¢-14 6.31439345e-15 3.49720253e-15

N=50 N=60 N=70
e(k,ky) 2.22044605e-15 1.50877574e-15 1.79804088e-15
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Fig. 3. Figures of the exact solution and the numerical solution with N=70 (left) and the error between them(right).
TABLE 2. The error between the numerical solution and the exact solution

with different N. Example 3: We take k(x) = cos%sin [@]ex, which
N=20 N=30 N=40 obviously satisfies (1). Then we can acquire ¢(x) from (1).

e(i, ky) 4.70595785¢-14 | 1.65423231e-14 | 9.99200722e-15 Fig. 4 shows the exact solution, the numerical solution and the
N=50 N=60 N=70

e(, Kky) 5.77315973e-15 | 4.21884749e-15 | 5.13478149¢-15

error figure between them. The errors e(x, k) for different N
are listed in Table 3.

|
06 [
X

Fig. 4. Figures of the exact solution and the numerical solution with N=60 (left) and the error (right) between them.
TABLE 3. The error between the numerical solution and the exact solution

he nu significance for those interface problems where high dimension
N_ZOWIth d'ﬁere”tm'_so = can be converted to low dimension. A large number of
e, 100) 136557432614 | 5218048226-15 | 3.108624476-15 numerical results show that the propo;e_d a_lg_orlthm has
N=50 N=60 N=70 excellent convergence and accuracy. In addition, it is our future

e(x, Ky) 1.88737914e-15 | 1.33226763¢-15 | 1.11022302¢-15

research goal to develop and study high-precision algorithms
for interface problems in high dimensions and their equivalent
Again, we can see from Table 3 that when N > 30, the forms in low dimensions.
approximate solution has an accuracy of about 107>, As can
be seen from Fig. 4, our algorithm is undoubtedly robust and
ultra-high precision.
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