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Abstract—The flexibility and applicability of the finite element method can be used to solve the problem of the solution of elements with different
shapes and properties. When there are very complex factors, such as uneven material properties, arbitrary boundary conditions, complex
geometric shapes, etc., the finite element method can be flexibly processed and solved. The local discontinuous Galerkin method is used to solve
the Steklov eigenvalue problem, in which the discontinuous Galerkin method can effectively solve the eigenvalue error problem. We propose a
complete error estimation, and the hp prior error estimation can analyze the two-dimensional unstructured mesh with suspended nodes. The

resulting mesh size h is optimal, and the degree p of the polynomial is suboptimal.
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l. INTRODUCTION

The Steklov eigenvalue problem has a wide range of
applications in physics and engineering. The dynamics of
isotropic elastic media is combined with some general
conclusions to solve the free motion of particles or the
constrained motion of particles [1]; the problem of determining
the lower bound of the lowest frequency of the vibration of a
rigid metal pendulum composed of a pendulum suspended on a
steel wire is studied by means of integral equation method and
composition method [2]; the lateral motion of an elastic string
with mass at one end and the model of the transmission line
tilting towards the circuit are investigated [3]; an approximate
finite element analysis of structural vibration modes of coplanar
incompressible fluids and a numerical solution of spectral
problems in fluid-solid interaction are analyzed [4]; the
eigenvalue problem of tangent plane on collinear fault system
is considered under the sliding friction law [5]. The
approximation solution of the boundary element of the Steklov
eigenvalue problem of Laplace operator is obtained by reducing
the eigenvalue problem [6]; the incongruous finite element
approximation of Steklov eigenvalue problem over two
dimensional concave Angle domain is investigated [7]. Use
extrapolation or split extrapolation to improve the accuracy of
the approximate solution of Steklov eigenvalue problem [8].
The discrete eigenvalues and eigenvectors are quickly
calculated by constructing a set of appropriate basis functions
of Legendre polynomials [9]. Fast Fourier-Galerkin method is
used to solve Steklov eigenvalue problem [10]. A finite element
method for effective 4-order Steklov eigenvalue problems over
spherical regions is obtained by dimensionality reduction [11].
By using the local discontinuous Galerkin method, hp analysis
of the convection diffusion equation is carried out to obtain the
conclusion that the diameter of the partition element is optimal
and the polynomial degree is suboptimal [12]. The best
convergence order is obtained by using the discontinuous
Galerkin method for a prior and a posterior estimation of
Steklov eigenvalue problems [13].
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Il.  THEORETICAL PREPARATION

Q c R? be a bounded domain with Lipshitz boundary 9% .
and let n be the outward normal to dQ, consider the Steklov
eigenvalue problem: Find A € R and a nontrivial functionu €
H(Q), such that

—Au+u=0 1inQ
{ 9u_ Au, on 01, @1
on

If @ = Vu, take the Green integral transformation of (2.1) to
obtain the corresponding weak form, and define a continuous
bilinear form a(u, v), such that.

a(u,v) = (Vu,Vv) + (u,v),Vu,v € H1(Q),

where (u,v) = fﬂ uvdx, under these assumptions, there
exist two positive constants unrelated to u,v two positive
constants independent of B and C, such that the bilinear
form a(-,-) satisfies

la(u, v)| < Bllullygllivlly g, Yu,v € H1(Q) 25
la(v,v)| > Clviiig, Vv € H'(Q) (22)

The weak form of (2.1) is: Find (4, u) € R X H1(Q), u # 0,

such that the following equation is true
a(w,v) =1 <u,v>vv e H(Q). (2.3)
where < u, v >= fan uvds.

Let 7;, = {x} be a shape-regular mesh of Q. The diameter of
a face e ('an edge when d=2) is denoted by h,, the diameter of
a cell k € 75, is denoted by h,, The set of faces of cells T}, =
I} U TP where T}idenotes the interior faces set and I'? denotes
the set of faces lying on the boundary 0.

p, = 1indicates the highest degree of polynomial in unit
Kk € Jp,, where p = {p,c}ces;,, the hp finite element space is

defined as
S2(T) = {u € L*(Q):u|, € SP*(x),Vk € Tp,}
when the unit k is a triangle, SPx(x) is the polynomial
space pPk(x) over k. Introduce the space of piecewise H®
functions space of degree s:
H(T) = {v € L*(Q):v|, € H(k), VK € T;,}.
The auxiliary variable g = Vu is introduced, then (2.1) can
be rewritten as follows.
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-V-q+u=0, inQ
{ o _ Au, on 09, (24)
on

V, = SB(7;,) and Q, = SB(7;)? represent the hp local
discontinuous finite element space, then the hp-ldg format of
the approximation problem of (2.5), find (4,,u) € C %
SE(T), up, # 0, forall k € T;,, Vv € V},, t € Qp,such that

J. Q- Vvdx — [ @y myvds + [ upvdx =0, (2.5)

J.Qun-tdx — [, Oy -mevds + [ w,V-tdx = 0,(2.6)
where v € V,, the n, is the unit outward normal vector of dk,
U and q are the numerical fluxes of u and q, u and q are
approximations of traces on 9}, defines the mean and jump of
v overe:

(W) =50 +v0),

1
[v] = 5 (*nf +v7ng),

{{r}} = %(rJr +r).

[r] =r*n} +rng.

Where e is a surface consisting of two neighboring faces of
k't and k= common interior faces.v and r are smooth functions
on kT and v* and r® are traces on the boundaries of dx®,
defines the mean and jump of v and r on e, v, = v|,y,
v-=v|,., Where e =0kT ndk~, the n, is the outward
normal vector from k™ to k., then we have

Z Lkvq -nds = L{{Q}}[[V]] ds +L [[q]]{{y}} ds.

KETh
the definition of numerical flux of T and g are as follows:

o {{{u}} +n[[u] ecT
ule - b
u ecC I‘h‘,

dl. = {{{q}} —aful —nlq] ecTy
) q ecly,

where the parameters a and n are chosen appropriately, and to
define the parameters, a function of h and p are introduced into
the relative local unit size and approximation degree in L*(€),
where n =h""p? such that 9 llee<pB, Where a>
0 and 8 > 0 are constants independent of the mesh size, the

min{h,+, b=}, K E eptne-
h=h(x) =
h, K € ena
max{p,+,Px-} K € €ctny,
p=px)=

Px» K€ €xnqs
where e, .+, = int(dk* N 0k™), e.nq = int (Ox N 0Q).
Define the lifting operator ®(u) €Q;,, t€Q, uE€
V(h) + H*(Q), such that

fn D(w)tdx = Z fr {9} - nlulleds.

KETR h
Since q = Vu, then

f q-tdx = f V,utdx — Z (u—)t-n.ds
Q Q ok

KETh

_ f V,utdx — Z f uI{(t}} - n[ul[tlds.
Q KETh F;l
(2.8)
For the source problem, using Green's formula, (2.5) and the
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definition of numerical flux, q € Qy, which yields
Jo @ Vvdx + f, wvdx — fii ({{a}) — alu] - nlal}-
[vds = fr}’l Auvds, (2.9)

By (2.7), (2.8), (2.9) and the definition of numerical flux,
u € Vy, there are

| @ = @@)vyvdx - [ (@)} - alud - nlaD)vlds
Q Ty,

+ J. uvdx
Q

~ | = o)avdx - [ (@)} - nlaD)Ivlds
Q ry

v,

i
h

= f (Viu—ow)(Vyv — @(v))dx + J- a[ullvlds
Q Th

+ f uvdx
Q

alu]vlds + J uvdx
Q

= frﬁ’l Auvdyx, (2.10)

therefore
ap(u,vy) = j (th — dJ(u))(th — CD(v))dx
Q

v,

i
h

afulvlds + f

uvdx = J- Auvdx.
Q r?
(2.11)
The finite element approximation of (2.3) is given by:
Find(4y,u) € C X SE(7;,) and u;, # 0, such that
ah(u ho Uh) = Ah < Up, Vp >, Vvh € Sh. (212)
The source problem of (2.3) is given by: Find w € H(Q),
such that
alw,v) =< f,v>, Vv € HY(Q). (213)
The local discontinuous finite element approximation of
(2.12) is given by: Find wy, € V},, such that
ap(wp,vp) =< f,v, >, Vv, €V, (2.14)
Define the linear bounded operator T:L?(Q) —
H'(0Q) satisfying
a(Tf,v) =< f,v >, Vf € L*(0Q), v € H'(Q). (2.15)
Then the equivalent operator of (2.4) is the form

Tu=>u. (2.16)

From (2.13), the corresponding discrete solution operator
T,: L?(0Q) - V,, satisfies

an(Tof,v) =< f,v >, Vf €L?*0Q), YveV, (2.17)
The equivalent operator form of (2.12) as follow:
Thuh = iuh. (218)

The dual problem of (2.4) is given by: Find (A*,u*) €

C x H*(Q) and u* # 0, such that
a(v,u?) =A* <v,u>, Vv e HY(Q). (2.19)
The source problem of (2.18) is given by: Find w* €

H(Q), such that

a(v,w*) =<wv,g >, Vv e H(Q). (2.20)
Define the linear bounded operator T*: L2(Q) - H(9%Q)

such that

a(v,T*g) =<wv,g >, Vg € L?*(0Q), v € H(Q). (2.21)
The finite element approximation of (2.18) is given by:
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Find (4;,up) € C x V, and u;, # 0, such that
(vh, Wﬁ) =<< Un, g >, V'Uh € Vh.'
Then the equivalent operator of (2.18) is

T = %u (2.22)
The finite element approximation of (2.18) is given by:
Find (43, uy) - € x V, and uj, # 0, such that
ap(vp,up) = A, <wvuup, >, VYo, VR (223)

The local discontinuous finite element approximation of
(2.19) is given by: Find w;, € V}, , such that

ap (v, wp) =< v, g >, Vv, EV,. (2.24)

The sum space V(h) =V, + H1(Q) is introduced which

assigns a local discontinuous finite element norm, where the

energy norm is:
Y o],

2
iy = Iyl . + IIVIIOK
0,k

KET} eeF‘
(2.25)
Galerkin orthogonality is:
ap(w —wy,v,) =0,Vy, €V, (2.26)
ap (v, w* —wp) = 0,Vvy, €V, (2.27)

Proof. Substituting the numerical flux into (2.5), combining
with (2.8)

ah(Wh, Uh) = f (VWhVUh + Whvh)dx
KETR ke
+3 ([ - @l ()
eel"h

T, B IvaD)ds + 1 j [w, 1901

+[Vw,]lvalds + J, alw,][val)ds.
(2.28)
Let w be a solution of the source problem, and w € H*, we
can get [w] | rl = 0, [Vw] | r = 0, we set
— PZ!

ap(w,vy) = Py (2.29)

where

P = Z (VwVvy, + wuy)dx,

KETR K

P, = ) (T Hvalds,
eeF%
for the equation P;, using the Green's formula and (2.1), we
obtain

P = Z (f( vah+wvh)dx+f Vw - n,cvhds>
0k

KETR

= z f( Awvy, + woy)dx + Z fVW n, vy

KETh eEl"’

+ Z wa-n,cvhds

D e
eely

=Z wa-n,cvh+ fv, ds
. Je Q

e€ry,

Z f {vw}}Ivalds + Z[[VW]]{{vh}}ds

eth

ee[‘h
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+ f fv, ds
Z f{{VW}}[[vh]]ds+f fv,ds
eth
combine (2.29) to get
ap(w,vp) = [, fondx, Vv, € V(h), (2.30)
similarly
ap(p,w*) = [, gvndx, Vv, € V(h). (2.31)

Then (2.26) directly from (2.30) and ( 2.14), (2.27) directly
from (2.31) and (2.14).
Continuity and coercivity of a; (u, v) as follow:
lan (up, vi)| < lupll, lvpll,, Yup, v, € V(R), (2.32)
lunll? S lan (up, up)l, Yy € Vi (2.33)
Proof. using (2.7), the trace inequality as well as the Cauchy-
Schwarz inequality, which yields

16y oy = sup o)

reiz@) Irllzey  rerzqo)

S A3} =nllrIDI

Iz
Iz ML
17l 2
l {{T’}} [ L2(rh) el 12(rh)
[I71l 2 Q)

1
s h2 ,
(P

[ p(w)rdx
||T'||L2(Q)
[v]lds

< sup
TreL?(Q)

< sup
TEL2(Q)

< sup
TreL?(Q)

(2.34)
therefore,

I ¢ ll2e)SI A p[[v
Using (2.11), we let

= -L(thh_

In(up, vp) = fi

Ty

1] o ri- (2.35)

Ap(up, vy) D (up)) (Vv — ©(vy))dx,

a[[uh]][[vh]]ds+f up v dx,
Q

thus
|Ap Cup, vp)| SI Vyuy llo.oll Vhvy llgq
1 Vhup llooll @(wr) oo
1 @(up) llooll Vavn lloo
+I @ (up) llgoll @wp) lloq
1 1
|1, (up, vp)| < a ll R 2pu,] ||0,1—;'1|| h™zp[v,] ||0,1~§l+

Il Up ”o_Q” U ”(),Q;
using Cauchy Schwarz inequality and (2.35) yields

[Ap Cup, vy) + I (up, vp)| S [Ap(up, vi)| + 1T (up, vp) |

1 21

2 2 — 5

s (Vg h"O.!) ”uh”oﬁ +a ||h 2p[[uh1]||0£ )2
Vipu Ei

1 2 1
UVl + Wl + @[ 2p vl | )2
©i

= llupll, lvpll, (2.36)
Therefore, the proof of (2.32) is complete. Next, we proof
(2.33), when y satisfies 1%7’ <y<l1,

|Ap vy, vp) + In(vp, vp)| 2
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o (1= ) (Tav)2dx + (1 = (@ (wp))dx|+

+ f aup]vylds +f upvpdx
T} Q

h
1 2
2 (V15 , + w0 + a||hzp (vl )
=l vy, 5.
the proof of (2.33) is complete.
Lemma 2.1. Let w be a solution of equation (2.13), w €
HY@(Q)(r <%), f € L?(0Q), the regularity estimate is as
follows

(2.37)

Ilwlliyr<coll fllgaq- (2.38)
Using lemma 2.1[13], e € dx, for any ¢ € H'*$(x)(1 <
&< %), A € 1%(x), there are
196 -l s S (196 et 751D ¢ o). (239)
where is the solution of a,(v,¥) = (v,g), Vv € H1(Q),
g € I2(Q), exists w € HF(Q) (8 > 5), we have
lw il pSH g o, (2.40)

where ¢! € H'*F(Q) is the interpolating function of y on 7}, .
Lemma 2.2. Refer to Proposition 4.9[14], where v € H%¢ (k)
(s, = 1), then there exists HZ;{‘v € SPx,p, =12, (0 <

< s, ) satisfying

lv— Hg’,zv ”m'KS h}r{nin(pzc+1,s;c)—mP’Tcn—SK||17||SK‘K, (2 41)

Il v— H;‘:v ”0,0}{5 h;mn(pzc+1 SK) 2 ; =Sk ||U||SK’K. (242)

The global discontinuous interpolation operator is: H,’,‘:
HE(Q) - Vy, such that TE(w)], = I1,*(ul,) for a vector-
valued function 1= (ry,rp,,14), define Tp(@)|, =
(l'[z’,‘rl, l'[;}rz, e l'[grd).
Lemma 2.3. Let w and wy, be the solutions of (2.13) and (2.14)
respectively, w|,, € H**5(x), then there holds

lw —wyll, S inf llw—wvgll,, (2.43)
VREVH
1 1
. 55, =
Iw=will, S " MNP w0 ))E . (244)

KETR
Proof. We first prove (2.43), using (2.33), v € S", which
yields
" wp — v "%< ah(Wh — U, Wy — U)
=a,(w—v,w, —v) + ap(wWp, wp, —v) — ap(W,wy, — v)

= ap(w —v,wy, —v) + by (f,wy — v) — ap(w,w, —v),

when || wy, — v |l # 0, from (2.45) and lemma 3.2[12], we

can obtain
V) — bp(f, Wy — v)

Iwp—=vll,

ap(w,wp, —

lwp =vlp<lw—=vll,+

. _ 1
<hw=vlt Y E@SO g, )R

KETR
(2.45)
using the triangle inequality, we get
lw—wyll, <llw—v+v—wyll,
<lw—=vl, +llv—wgl,, (2.46)
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the proof of (2.43) can be obtained by combining (2.45)
and (2.46) when h is small enough.

Next, we proof (2.44), from (2.25), let E,(w) = w —IIiw,
we have

1 ER) 135 ) (IVaBuGIZ, + 1B, I, )
KETh
) Zp[[Eh(w)ﬂH
eEFh
S D IVAE I, + ||Eh(w)||§,,<
KETR
I NON )
KETh eel“‘
S DT RT w ly0% +
KETh
_1 = —1=sx
Z(h N0 2 T Yy 7
KETR

2
Wl 0? -

1
< Z ( hmin(pk,s,c)pz_s’c

KETR

(2.47)
from (2.47), we have

lw— HhW I, (Z (hmln(pxsx)p

KETR

1
W Ny )2

(2.48)
Using error estimation and interpolation error estimation

inf lw—vull sllw— H{,‘W II (2.49)
VREVR

(2.44) can be proved by (2.43), (2.48) and (2.49).
Theorem 2.1. If w and wy, are the solutions of (2.13) and (2.14)

respectively and w |,.€ H*S<(ic) (s, > %), then there holds
— min(py,B) %_B —
Ilw—wpllgasS h wPipe m lw —wy Iy, (2.50)

I w =y llgas () (RmR@sO LTy g, )22
KETR
(2.51)
Proof. We first prove (2.50), consider the dual problem of the
source problem of (2.1) a(v,w*) =<wv,g >, for g € L?(Q),
using the consistency, (2.27)and (2.32), we obtain
<w—wy, g >= ap(w —wy,w") = ap(w —wp, w" —wp)
Slw —wy Il w*—wy . (2.52)
Using (2.44) and regularlty, letg=w— wh, we have

w* —wjil, S hrpz "W lyyrq S hrpz "lglo,q - (2.53)
From (2.52) and (2.53)

lw—wyp,g |
w—wplpgq S sup————
nlo,Q p g o
gEL?(Q)
- Il w—wy llp, Il w*—wp Iy
g lloa
1
Shpz " lw—wy (2.54)
i.e., (2.50) is valid.
Next prove (2.51), from (2.44) and (2.50)
96



.\,\_ ..fff'

Volume 8, Issue 3, pp. 93-100, 2024.

——r
lw—=wpllgasS h'p2 " lw—wpll

1
S (e T T L )2,

KETh
the proof is completed.
Theorem 2.2. Let w and wy, are the solutions of (2.13) and

(2.14) respectively, w |,€ H1*5¢(x)(0 < s, < é), then there
holds

r ——r 1
Iw —=wpllg 0 S Rz " llw = wpll, s>, (2.55)

Il w—why llooaS KPS Il f llgga T < s < %. (2.56)
Proof. We first prove (2.55), considering the dual equation of

(2.20), for any fixed f, g € L?(9Q) , using regularity and (2.28),

we obtain
(gw—wp) = a(w —wp,w*) = q(Ww —wp,w* —w*)
= Z J-(V(W —w)Vw* —w*h) +

KETh K

w —wp)(w* —w*) dx)+

D (| - - w3 o —w)+
eEFh

{Viw —wp) B} w" — w*])ds +

n [, w—w,J[V(w* —w*)] +

Viw — w)lIw* — w*]ds +

aw — wp][w* —w*)ds +

=L +1,+1s (2.57)
where
I = Viw — wp)V(w* —w*) +
2 v
w—wp)(Ww* —wDdx +
ZIO([[W wy]Iw* — w*ds,
eth
h=) [ @ w6 —wh)+
eEFh
{(Viw — w3 Iw* — w*'])ds,
=)0 = —w ] +
eEFh
Viw — w)Iw* — w*']ds.
When s > 3 ,for I, using (2.44), let s,, = r, we get

L Slw = wy Il w? —w
< h'p2 T we ligr Iw = wyll, I Wl (2.58)
Using inverse estimation, (2.39) and (2.41), there are

Ls ) (D =wl i I (T —whHR I,

e
>
KETR

1 11 [w — wi] II%_MII Viw* —w* )] ||r_%‘e
1
S Z R pi" I A 2pw — wi]l llgell W ll34- (2.59)
KETR
Similarly
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multiplicity q and the ascent a, 4; = 4, = -+
Ty =TIl
converge to A . Let M(A1) be the space of generalized
eigenvectors of (2.3) associated with A, and M, (1) be the direct
sum of the generalized eigenspace of (2.12) associated
with 4,, that converge to A.
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,€

s ) niIw = wal I, ) VG —w D, s

KETh

< D (7070 0 I0w = WD Nl ) WP 1w
eEFz
(2.60)
Substituting (2.58), (2.59) and (2.60) into (2.57), the proof of

(2.55) is completed.

When 0 < s < % let s, = r, using (2.44) and the regularity
1 SIlw —wy lpll w* —w* I,

< h'p2 77 W Nl lw = wyll,. (2.61)
Using inverse estimates, (2.39), (2.41) and (2.44)

I, = Z D = wal IOV —w ORI s,
eer‘i
S WP  F g aall g lloga- (2.62)
Similarly
=) nlw=willi, [V =w I, 1,
eeF’ 2
1
S RSP fllgaall g lloaq - (2.63)
Combining the above three formula we get
Il w—wp looaS KD Il f llogn.  (2.64)
From (2.44) and the regularity, we have
ARSI, S WAnf — AFN, + IAFI,
S 14uf = Afll, + 1A,
S h'pz "rIIAfIIW + IAfI,
S Ifll 5o (2.65)

The proof is completed.

I11. A PRIORI ERROR ESTIMATION

A. A priori error analysis of the Steklov eigenvalue problem

Assume A is the jth eigenvalue of (2.3) with the algebraic
= Aj+q-1- When

09a — 0, 0 eigenvalues 4; , -+ ;4415 OF (2.6) will

Given two closed subspaces IV and U, The gap between these

two subspaces is denoted as

SU, VY= sup infllu—vlond(U,V)

uev,lullo.0=1veU
= max{6(U,V),s(V,U)}.
And denote the arithmetic mean 1, = %Z{:;’_l Ain-

Theorem 3.1. Assume that M(1) c H*"(Q) (s > %) , T =
min{p, s} then there holds

§(M(), My(D) S K™+ p'" (1)
|4, — 4| s h?p?" (3.2)
|An — 4 s R2T/ap?T/e| (3.3)

Let u, € M, (1) be the direct sum of the generalized

eigenvector spaces of (2.12), then there exists an eigenvalue
function u of (2.3) such that
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”u _ uh”o’ag < h(r+r)/ap(1—r)/a’ (34)
”u _ uh”h < hrp;‘r + h(‘r+r)/ap(1—r)/a' (35)
lu —upll, S h"p” Il w —up llp+ llAu — Ahuhlloym. (3.6)
If we seta = 1, then
lu —uplly 50 S A~ Hiw — upll,,. (3.7)
Proof. Note that Tf =w and T,f = wy, Combining the
regularity with (2.56), we obtain
WTf = Thf llosa

Il f Nlo0
Il w—wp llgaq
I f Nlo00
hr+sp1—r—s " f ”0,69
0%fEL2(00) Il f lloa0
< hr+sp1—r—s -0, (h N 0‘p N oo)
From Theorem 7.1, Theorem 7.2, Theorem 7.3 and Theorem
7.4 [15], there are
S(MD), My(D) SI (T = T lmy oo (3.8)
j+q-1
p=Als ) KT =T el
il=j
+I (T = Tlmy loaall (T° = T)lmar losas (3.9)
j+q-1
EVNER (G TR

ni=j
1
I (T = Tl loaall (T° = T Imay llo,aa}«(3.10)
1

lu —uploga SI (T — Tlmw "g,an' (3.11)
where {377 is the basis of M(1), {¢;}%"is a dual

I T—T, llgga=  sup
0£fEL2(0Q)

0£f€EL%(0Q)

<

~

i=j l=j
basis.
From theorem 2.1 and the theorem 2.2, we derive
I (T = T)lmay lopa= sup I Tf = Taf llo00

FeEMM)lIfllo0a=1
S sup RTTPUTTNTf g (312)
FeM)lfllo,pa=1
Similarly, we have

I (T* = T)lmay looas sup N T°f = T*vf llo0a
feM@)lIfllooa=1
s su

h‘r+rp1—r—'r " T*f ”‘L’+1.ﬂ'
FeM@)Ifllopa=1
Substituting (3.12) into (3.8) and (3.11), we can obtain (3.1)

and (3.4) respectively. Using the operator properties, regularity,
(2.20) , (2.27) and (2.32), we have
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(T = Teu @) = an(Ap; — Appi, A™9p)
= an(Ap; — Apgi, A" — Ayp)
]| A<p1i —Ap@; lInll A*<pi‘1— Anor NIy
S K2 N T@; ey K27 I T 0]
S h?¥Tpl-2T, (3.14)
Substituting (3.14), (3.12) and (3.3) into (3.9) and (3.10). we
get (3.2) and (3.3) respectively.
Since u = ATu , u, = A, Thuy, using the triangle inequality,
(2.65), (3.3) and (3.4), we deduce
lu —upll, — llu — ATpull, S llup — ATxull,
= 1T, (Apup — A,
S Apup — Aully 5
< h(‘r+r)/ap(1—2‘r)/a.
together with (2.43), which yields (3.5).
lu — uplly = 124w — AApull, + 124w — A Apull,

. 1
< hmm(nﬁ)pf_ﬁ [[AAu — /1Ahu"h
+AApu — ApAunll,

. 1,
< hmln(p.ﬁ)pz B inf |AAu — vh”h
VREVH
+”Au'_ﬂhAhuh”Qaﬂ.
Since inf lIAAu — vyl sl u —uy Il , (3.6) is valid.
VREVH
When a = 1, from spectral approximation principle, (2.55),
and (2.43), we have
lu = uplly 50 = ITu — Thull

(3.15)

(3.16)

0,00
s hmin(p'f)p%_TIITu - Tyull,
< hmin@'ﬂp%‘f inf ITu — vy,
VREVR
S RGO pT y —
the proof is completed.

B. Numerical experiments

In this section, a series of numerical experiments will be
conducted to verify the effectiveness of the hp local
discontinuous finite element method of Steklov eigenvalue
problem by compiling the code under the IFEM package, and
the computed results will be sorted in descending order to
obtain the data.

In this experiment, the test domain are set to be the L-shape

domain Q, = [0,1] % [O, %] u[o, %] X [;, 1] and square Qg =
[0,1]2 respectively.

TABLE I. About the region {l¢ numerical solution results for the first fourth eigenvalues

h P dof A1 A2 As Aa
1/4 1 24 0.241985120396731 1.557082494331800 1.567981965130290 2.766574268815750
1/4 2 48 0.240079724549933 1.496947672301450 1.499428975046800 2.082787917163070
1/4 3 80 0.240079112305256 1.492322541686640 1.492334691413000 2.082653128244820
1/8 1 96 0.240603412309877 1.515427100614430 1.519205201504950 2.252320633910260
1/8 2 192 0.240079142099497 1.492630666254280 1.492794826780140 2.082659643988760
1/8 3 320 0.240079085865350 1.492303508371800 1.492303745768920 2.082647158468340
1/16 1 384 0.240215724296756 1.498834475702410 1.500067866013550 2.125958682038990
1/16 2 768 0.240079089485034 1.492324336253270 1.492334931269400 2.082647939864130
1/16 3 1280 0.240079085433790 1.492303140728370 1.492303144658960 2.082647055702750
1/32 1 1536 0.240113813327580 1.494002217106130 1.494356189460460 2.093634847726540
1/32 2 3072 0.240079085696021 1.492304473625110 1.492305148150550 2.082647112024300
1/32 3 5120 0.240079085425170 1.492303134470372 1.492303134692798 2.082647053903782
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+ 0.00000000000000i + 0.00000000000000i + 0.000000000000000i + 0.000000000000000i
1/64 1 6144 0.240087824313781 1.492733483605300 1.492827836095860 2.085414539962150
1/64 2 12288 0.240079085442566 1.492303218530770 1.492303261109540 2.082647057751940
1/64 3 20480 0.240079085419030 ) 0.768274571229386_ 0.768274571229386 ) -1.157380518255964_

+ 0.000000000000000i - 0.842808219666222i +0.842808219666222i +0.000000000000000i

TABLE 11. About the region {); numerical solution results for the first fourth eigenvalues
h P dof A1 A2 As A

1/2 1 18 0.184370548231648 0.980232299404417 1.82906530795754 4.13808322383428
1/2 2 36 0.182980279501687 0.918525278982131 1.699156800429130 3.275523798631990
1/2 3 60 0.182966075088768 0.900855678534774 1.689327741901200 3.220087676768690
1/4 1 72 0.183358727346188 0.931174919280224 1.73919672226841 3.56578249426117
1/4 1 144 0.182966480133728 0.900805354854160 1.689905958347010 3.223623216518960
1/4 2 240 0.182964513803436 0.896396671029967 1.688714315870450 3.217910283979370
1/8 1 288 0.183069281417831 0.908401968715363 1.70330292648774 3.32131530982049
1/8 1 576 0.182964567302139 0.896233781046824 1.688763930472870 3.218267571713410
1/8 2 960 0.182964279921273 0.894722861609305 1.688617360337970 3.217860903736770
1/16 1 1152 0.182991309607356 0.899267392795164 1.692530493140910 3.245737724595320
1/16 2 2304 0.182964287235214 0.894643891263804 1.688622521043840 3.217886398047420
1/16 3 3840 0.182964243597903 0.894070589896526 1.688603059166600 3.217859838784520
1/32 1 4608 0.182971105542950 0.895785659995388 1.689615048411320 3.225034155288780
1/32 2 9216 0.182964244673090 0.894037759700364 1.688603653469660 3.217861497450140
1/32 3 15360 0.182964237949173_ 0.893813548474596 _ 1.688600895976938 _ -2.349206210258648_

+0.00000000000000i +0.000000000000000i +0.000000000000000i -1.759265727335553i

Ercor

fier

npa

The mesh size h

11 Q12 0140160180 D 29 24

IV. CONCLUSION

Steklov eigenvalue problem is widely used in physics. In

this paper, a hp locally discontinuous Galerkin method is used
to obtain the optimal order of convergence, where h is optimal
and p is suboptimal, and the optimal order error is estimated in
the L-shape domain and square domain respectively under the
iIFEM package. The convergence of the Dirichlet operator is
superior on the continuous Q region, which shows that the
numerical experiment is effective and feasible, so it has good
application value.
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Fig. 1. The error curves of the approximation for the first fourth eigenvalues
on Qg with P =2.
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Fig. 2. The error curves of the approximation for the first fourth eigenvalues [9]
on Q; with P =2.
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