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Abstract— This paper proposes a computationally efficient 2-D direction-of-arrival (DoA) estimation method with a uniform rectangular array 

(URA). This method is called the direct signal-based method in the sense that it is based directly on the relationships among the signals arriving 

at each antenna. The simulation results show that the direct signal-based method yields a bit better performance compared with the MUSIC 

method in terms of the root-mean-square error (RMSE) and the maximum absolute error. 
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I. INTRODUCTION  

There are many existent DoA estimation methods [1-5] to 

estimate the azimuth and zenith angles of signals arriving on 

various structures of antenna array [6-7], such as the delay-and-

sum method, Capon’s minimum variance method, the MUSIC 

(MUltiple SIgnal Classification) algorithm, the ESPRIT 

(Estimation of Signal Parameters via Rational Invariance 

Techniques) algorithm, etc. Most of the existing methods are 

involved in eigen-decompositions [8-10] and/or matrix 

operations, which require lots of computations. This paper 

proposes a new DoA estimation method to estimate the azimuth 

and zenith angles of a signal arriving on a URA, which does not 

require such a heavy computation as eigen-decompositions or 

any matrix operations. We will call the method the direct signal-

based method in the sense that it is based directly on the 

relationships among the signals arriving at each antenna rather 

than collectively on the whole set of the signals. 

Figure 1 shows an electromagnetic plane wave signal s(t) 

and an M ×N URA composed of MN antenna sensor elements 

with equidistances d1 /d2  each along the x1 /x2-axes, respectively. 

The signal sn,m(t) reaching the (n,m)th antenna element at time 

t can be expressed as [1] 
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with the steering phase factor of the (n,m)th antenna 
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where ϕ, θ, and β are the azimuth angle, the zenith angle, and 

the wave factor, respectively. 

 

 
Fig. 1. Uniform rectangular array (URA) 

 

The signals received by the N ×M antenna elements can be 

described by 

[
 
 
 
 
 

𝑢0,0(𝜙, 𝜃, 𝑡) ⋯ 𝑢0,𝑀−1(𝜙, 𝜃, 𝑡)

𝑢1,0(𝜙, 𝜃, 𝑡) ⋯ 𝑢1,𝑀−1(𝜙, 𝜃, 𝑡)

⋮
⋯
⋯
⋯

⋮

𝑢𝑁−1,0(𝜙, 𝜃, 𝑡) ⋯ 𝑢𝑁−1,𝑀−1(𝜙, 𝜃, 𝑡)]
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where νn,m(t) is an additive white Gaussian noise (AWGN) for 

the signal sn,m(t) incident on the (n,m)th antenna element at time 

t.  

The steps of MUSIC algorithm [9-10], which is one of the 

most popular DoA estimation methods, are summarized as 

follows [1]: 

Step 0: Collect the samples of the MN×1 input vector 

{ ( ), 0, , 1nT n K= −u } (K: the number of 

snapshots, T : the time sampling period)  
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and estimate their MN×MN  spatial correlation matrix: 

1

0
ˆ 1

( ) ( )
K H

uu n
R nT nT

K

−

=
=  u u  (H : the 

conjugate transpose)                         (6) 

Step 1: Perform eigendecomposition on the estimated input 

correlation matrix ˆ
uuR : 

�̂�𝑢𝑢𝑉 = 𝑉𝛬 with 𝑉 = [𝒗0 𝒗1 ⋯ 𝒗𝑀𝑁−1] 
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       and    𝚲 = [

𝝀𝟎 𝟎 ⋯ 𝟎
𝟎 𝝀𝟏 ⋯ 𝟎
⋮ ⋮ ⋱ ⋮
𝟎 𝟎 ⋯ 𝝀𝑴𝑵−𝟏

]                     (7) 

Step 2: Estimate the number ˆ
nL MN N= −  of signals where nN  

is the number of the smallest eigenvalues forming a 

cluster and form the nMN N  matrix nV  made of the 

(presumed) noise eigenvectors: 

𝑽𝒏 = [𝒗𝟎 𝒗𝟏 ⋯ 𝒗𝑵𝒏−𝟏] (8) 

(corresponding to the 𝑵𝒏 smallest eigen values) 

Step 3: Compute the MUSIC spatial spectrum for possible 

ranges of the azimuth angle ϕ and the zenith angle θ:  
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Step 4: Pick the maximum (peak) of PMUSIC(ϕ,θ) to obtain the 

azimuth angle estimate �̂� and the zenith angle estimate 

̂ : 

,

ˆ ˆ( , ) Arg Max ( , )MUSICP
 

   =      (11) 

This MUSIC algorithm requires lots of multiplications and 

additions, especially for the eigen-decomposition (performed in 

Step 1) having a computational complexity of 4(MN)3/3 [11]. 

Note that this computational complexity amounts to more than 

4(MN)3/3=43,691 complex multiplications. 

II. DIRECT SIGNAL-BASED DOA ESTIMATION WITH URA  

Based on (3) and (4), the phase angles of the signals 

(without the noise) received by each antenna element of the 

URA can be written as the following N×M matrix: 

𝐵 = [𝑏𝑛,𝑚(𝜙, 𝜃, 𝑡)] = 

[
 
 
 
 
 
 
 

𝛽sin𝜃(0 + 0)

+𝜑(𝑡)

    𝛽sin𝜃(𝑑1 cos 𝜙

+0) + 𝜑(𝑡)
⋯

𝛽sin𝜃((𝑀 − 1)𝑑1 ∙

cos 𝜙 + 0) + 𝜑(𝑡)
βsin𝜃(0 + 𝑑2 ∙      

sin 𝜙) + 𝜑(𝑡)

𝛽sin𝜃(𝑑1 cos𝜙 +

𝑑2 sin𝜙) + 𝜑(𝑡)
…

𝛽sin𝜃((𝑀 − 1)𝑑1 ∙

cos 𝜙 + 𝑑2 sin 𝜙) + 𝜑(𝑡)
⋮

βsin𝜃(0 + (𝑁

−1)𝑑2 sin𝜙)
+𝜑(𝑡)

⋮
    𝛽sin𝜃(𝑑1 cos𝜙 +

(𝑁 − 1) sin𝜙)
+𝜑(𝑡)

⋱

…

⋮
𝛽sin𝜃((𝑀 − 1)𝑑1 ∙

cos 𝜙 + (𝑁 − 1)𝑑2 ∙
sin𝜙) + 𝜑(𝑡) ]

 
 
 
 
 
 
 

 

(12) 

where φ(t) is the phase angle of the signal u0,0(t) received by 

the antenna element at the origin (0, 0) of the URA.  

Noting that the (phase) differences between neighboring entries 

of the above matrix B along its row and column are 

 𝒙𝒎 = 𝒃𝒏,𝒎+𝟏 − 𝒃𝒏,𝒎 ≈ 𝜷𝒅𝟏 𝐬𝐢𝐧 𝜽 𝐜𝐨𝐬 𝝓 

for 𝒎 = 𝟏,⋯ ,𝑴 − 𝟏                                     (13a) 

𝒚𝒏 = 𝒃𝒏+𝟏,𝒎 − 𝒃𝒏,𝒎 ≈ 𝜷𝒅𝟐 𝐬𝐢𝐧 𝜽 𝐬𝐢𝐧 𝝓 for 𝒏 = 𝟏,⋯ ,𝑵 − 𝟏                                      

(13b) 

we can take their mean values 

𝒎𝒙 =
𝟏

𝑴−𝟏
∑ 𝒙𝒎

𝑴−𝟏
𝒎=𝟏             (14a) 

𝒎𝒚 =
𝟏

𝑵−𝟏
∑ 𝒚𝒏

𝑵−𝟏
𝒏=𝟏       (14b) 

and use them to get the azimuth angle estimate �̂� and the zenith 

angle estimate �̂� as 

Azimuth angle estimate: �̂� = 𝐭𝐚𝐧−𝟏 (
𝐦𝐲/𝐝𝟐

𝐦𝐱/𝐝𝟏
)          (15)                           

Zenith angle estimate:  �̂� = 𝐬𝐢𝐧−𝟏 (
𝐦𝐱/𝛃𝐝𝟏

𝐜𝐨𝐬 �̂�
)        (16a) 

or   �̂� = 𝐬𝐢𝐧−𝟏 (
𝐦𝐲/𝛃𝐝𝟐

𝐬𝐢𝐧 �̂�
)               (16b) 

where (16a) or (16b) is used to estimate the zenith angle θ 

depending on whether the azimuth angle estimate �̂� is close to 

0
o
 or 180

o
 or it is close to ±90

o
. Here, since the azimuth angle 

estimate computed by (15) is constrained into the interval (-

180
o
, 180

o
] (larger than -180

o
 and not larger than 180

o
), the 

outliers may have to be excluded to remove the influence of the 

angle ambiguity when the mean values are computed by (14a) 

and (14b). 

 
Fig. 2. Simulation results of tracking the azimuth/zenith angles for several 

values of SNR 
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III. SIMULATION RESULTS 

Figure 2 depicts the simulation results of using the MUSIC 

method and the direct signal-based method (proposed by this 

work) to get the estimates of the azimuth and zenith angles (of 

a signal arriving on an 8×4 URA) each varying within [25
o
,55

o
] 

and [35
o
,55

o
], respectively, for several SNR values from 5dB 

to 30dB. Figures 3 and 4 depict the RMSE and maximum 

absolute errors (vs. the several SNR values) of the 

azimuth/zenith angle estimates obtained using the MUSIC 

method and the direct signal-based method. Overall, they show 

that the direct signal-based method yields a bit better 

performance compared with the MUSIC method in terms of the 

root-mean-square error (RMSE) and the maximum absolute 

error. 
 

 
Fig. 3. Simulation results of the RMSEs for the azimuth/zenith angle estimates 

vs. SNR 

. 

Fig. 4. Simulation results of the maximum absolute errors for the 

azimuth/zenith angle estimates vs. SNR 

IV. CONCLUDING REMARKS 

As a means to estimate the azimuth and zenith angles of an 

electromagnetic planewave signal arriving on a URA, the direct 

signal-based method has been shown to yield the RMSE and 

maximum absolute errors less than those of the MUSIC method 

and that with much less computations. One drawback of this 

method is that it can find the DoA of just one signal while most 

DoA estimation methods can make the estimates of multiple 

signals infringing on the array of antennas although the 

estimation accuracy may be degraded to some degree. For this 

reason, it is desirable to use the direct signal-based method at 

every iteration and a DoA estimation method like the MUSIC 

method (for cross-check) intermittently, hopefully when the 

mobile device equipped with the URA for DoA estimation is 

moving around the boundary among eighboring cells where 

there are multiple incident signals. 
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