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Abstract— Tankers carrying large amounts of explosive fuels are involved in transportation accidents; these incidents can cause catastrophic
consequences. In the present, we specifically develop the governing equations to the mathematical model for the drainage of liquid in a thin film
spread over a fuel spillage surface. Discretize the governing equations' numerical solution with the accompanying initial/boundary conditions on
a staggered grid. We determine the rate of thinning and lifetime of films by tracking the velocity, drainage, and flux change of each connected
region. In this research, the depletion of surfactant-fuel thin-film foam was attained by varying Reynolds number, Re to show that given different
interface inertial forces to viscous forces, the surfactant-fuel thin-film foam shows different velocity, drainage, and flux profiles. The study
simulation shows that for Re=0.01, 0.1, and 1 the velocity profile stabilizes after approximately 0.5m, and the flow continues. Surfactant-fuel thin-
film foam with Re=1 has the maximum and minimum velocities are less than that of Re=0.01 and Re=0.1. Re=10, the velocity profile stabilizes
after approximately 0.8. Re greater than 1 shows the surfactant-fuel thin-film is depleted compared to when Re is less than 1. We conclude that to
suppress the gas vapors and control the fire incidences, Re# > 1. We recommended that there is a need to consider the effect of variation in
temperature, velocity, besides Reynolds number, in determining the lifetime of a surfactant-fuel thin foam. There is a need to have an experimental
analysis of the effect of varying other parameters such as the shear rate on the stability of the equilibrium interface or boundary between the fuel

and soluble surfactant.
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I. INTRODUCTION

Suppression of evaporation of hydrocarbons liquids and fuels
by aqueous films is of practical importance in firefighting. It
may even be of potential value in preventing pollution in the
event of large-scale spills involving the liquids. Developed in
the 1960s, aqueous film-forming foam (AFFF) relies on a
mixture of surfactant and solvents to rapidly suppress fuel spill
vapors and fires [34, 21]. AFFF formulations have been highly
effective and have achieved worldwide use [30]. Low
concentrations of fluorosurfactant additives have found
numerous usage in modern high-performance as fire-fighting
foams against the traditional fire extinguishers. Fluoro-
surfactants gave these foams the ability to form a thin film,
spreading films on the surface of burning liquids. The films
provided significant resistance to diffusion of flammable vapors
[27]. Synthetic surfactants are widely used in household
cleaning products (detergents), cosmetics, and personal care
products (shampoo and toothpaste). Foam presence is not
guaranteed beneficial. For instance, in the brewing industry,
foam reduces vessel capacity hence lessening finished product
foaming potential [3]. The application of foam on fuel can be
used to prevent various accidents and incidents caused by
petroleum fuel leakage, accidental burning and explosions.
These are common in transportation and public safety, and have
brought a bit of tremendous loss of life and property.

The surfactant can rapidly suppress surface tension, which
is essential for thin-film spreading and necessary for vapor
suppression [14]. Additionally, a quick reduction of the surface
tension can generate high-quality foams. Foam drainage is an
essential element in the formation and early development of

thin-film [36]. It is also essential given the widespread
assumption that the aqueous film forms the main barrier of fuel
spill vapor suppression of AFFF observed in numerous large
scale tests [36, 13].

Thin liquid films play a central role in many real-life
applications. The interface between the liquid and the
surrounding fluid (usually a gaseous phase) is a free and
deformable boundary. Thin liquid films can display a variety of
dynamics and interfacial instabilities. A clear understanding of
the film drainage phenomena in fuel spill vapor suppression is
still lacking. Models for thin liquid film drainage have been
proposed by numerous researchers dating back to 1886, when
Reynolds [28] solved for the drainage velocity of the fluid
between two plane parallel disks. Flow in thin liquid films is
critically dependent on the tangential extensible of the two
interfaces in intimate contact with the thinning film. If neither
of the interfaces will support tangential stress, thinning is
generally very rapid such as we have mobile film surfaces in
comparison to the situation where either one or both the
surfaces is tangentially in-extensible or immobile [11]. The
hydrodynamics of thin films with rigid interfaces was addressed
by Reynolds [28].

Exerowa [10] extensively discusses the rate of thining of
thin-film. Exerowa and Sheludko and develops the most
common method for studying the drainage of individual foam
films [10, 31]. Previously, thinning rates of thin-film have been
calculated in foams with Newtonian liquid phases. In the case
of plane-parallel film, with tangentially immobile surfaces, one
obtains the well-known Reynolds equation for the velocity of
thinning [28]. For two identical surfaces, the equation was first
derived by Radoev et al. [26]. An important practical parameter
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is the film lifetime T, defined as when the film will thin from
the initial thickness to the critical thickness of rupture. At very
low surfactant concentrations, the film drains more quickly
because of the high mobility of the interface. In aqueous-like
liquids, surfactants can be added to lower the gas-liquid surface
tension and decrease the thinning rates by orders of
magnitude[37, 7].

In this work, we try to estimate the distance before depletion
of surfactant-fuel thin-film foam. We varied Re to show that
given different interface Reynolds numbers (inertial forces to
viscous forces), the surfactant-fuel thin-film foam will show
different velocity profiles. We show through simulations that
varying Re leads to stabilization of velocity profile of thin-film
due to surfactant fuel foam as the flow continues. We establish
that to suppress the gas vapors and control the fire incidences,
the velocity of the thin-film due to surfactant fuel foam must be
stabilized.

The differences in thin film thinning dynamics remain
unexplored among firefighting foams. Measurements of
aqueous film under vapor conditions are needed to quantify its
contribution to vapor suppression. The proposed study focuses
on;

i.To develop the governing equations to the mathematical

model for the drainage of liquid in a thin film spread over

a fuel spill surface.

ii.To discretize and numerically solve the governing
equations with the accompanying initial/lboundary
conditions on a staggered grid.

iii.To determine velocity profile of thin-film under varied
Reynolds number.

Il. FLUID DYNAMICS AND THIN FILM EQUATIONS

The set-up of the foam-fuel system is shown in the sketch
in Figure 1. We assume that the two fluids are immiscible and
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that the density p and the velocity u are constant in each fluid;
we do not allow for the possibility of a jump across the
interface. We suppose that the flow in both phases (foam and
fuel) is incompressible, governed by the incompressible
Navier-stokes [24].

A. Problem Formulation

1) Governing equations

Foam spread can be modeled as a shallow free-surface flow.
Consider the free surface foam over fuel in figure 1. We need
the governing equations for the dynamics of the field and
suitable boundary conditions to derive the thin film evolution
equations.

We consider an idealized system consisting of foam and
fuel, both with uniform initial thickness, and are brought into
direct contact at t = 0. The fuel layer corresponds toh,, and the
foam layer corresponds to h,. We use subscripts 1 and 2 to
denote the properties of the fuel and foam layers, respectively.
The two-phase flows can be treated quite similarly to single-
phase flows. The fact that the two unique fluids are present can
be handled either by using two separate sets of Navier-Stokes,
one for each fluid or more conveniently using the same set of
equations for fluids but with variable density and viscosity
fields, that is

O Uy + 0yv =0 )

Pk (% + Uy % + v 68_1;;() = _2zk + Uy (uk,xx + uk,yy) +
pkgavk vy v\ _ Z9pk Y
Dk (? + v+ vk E) =y T W + Vicyy) + prg

©)
The subscript k takes the values 1 and 2 representing the
fuel and foam layers, respectively.

Interface 2 Mﬂ____ﬁ; ho(x.t)

Interface 1 £y
Thin-film /M\ﬁ
Interface

Y = h,(xt)

Solid y=0

Fig. 1. Free surface foam flow over fuel surface showing thin-film interface which is the region of interest.
Example of a figure caption

2) Thin film equations
In the following, we consider a thin parametrizable film
with a centerline H(x,t) and thickness h(x, t). The interfaces

are situated at H(x,t) + %h(x, t). We will present the basic
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equations describing the behavior of a Newtonian liquid and a
surfactant.
3) Newtonian fluid

We are investigating the ability of foam to arrest explosions
due to fuel spill vapor; hence the liquid under consideration is
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a thin film that drains from foam once it is applied to a fuel spill
surface. We consider incompressible Newtonian fluids. We
employ a lubrication approximation of the governing Navier-
Stokes equations since the height of a thin film is small
compared to its width [1, 22, 15]. This leads to a system of
coupled nonlinear partial differential equations, which can also
be modeled as a shallow free-surface flow. The Navier-Stokes
equations in 2 — D have the form;

Uy +v,=0 4

p(up +uu, + vuy) = =P+ u(uy, + uyy) +pg1 (5)

p(vt +uv, + vvy) =—P, + ,u(vxx + vyy) + pg,(6)

The indices denote the derivatives. (4) represents
conservation of mass and (5)-(6) represent conservation of
momentum in x — and y — direction, respectively. With liquid
velocity given by u = (u, v), the liquid density, viscosity and
pressure given by p,u, and P. The left-hand sides of the
momentum equations denote the inertial forces balanced on the
right-hand side by the pressure gradient and viscous forces. We
consider the gravitational force pg, which is a body force and
acts on the whole fluids.

4) Definition of interface parameters
We define conditions at the free interfaces h*(x,t) =

H(x,t) + %h(x, t), however the boundary conditions are more

complicated than the no slip conditions and involves force
balance and kinematics. We utilize the unit tangent and unit
normal to the surfaces defined by:

_a.nt R +
At = (—axh*,1) . - (1,0xh%) ] @)
(1+(9xh1)?)2 (1+(9xhH)?)Z
Finally, the mean curvature of the interface is given by
— 2 pt
it = V.= ®)
(1+(xn)»)?

In all of the above expressions, "+" belongs to the film foam
interface, h™ and "-" to the fuel film interface h~.
5) Interface conditions

We have the following conditions for the evolution of the
interfaces;

vy =hy+uhy, at y=H(xt)—sh(xt) (9)

v, = hye +Uphyy at y = H(x,t) +5h(x,t) (10)
Equations (9)-(10) are the kinematic boundary conditions
(in the absence of interfacial mass transfer) that balances the
normal component of the liquid velocity at the interface with
the speed of the interface. Additionally, there are conditions for
the equilibrium of the normal and tangential forces:
okt =nt 1.t (11)
t*.Vo = t*. .71, (12)
where 7 is the stress tensor of the liquid, 7 is the unit outward
vector normal to the surface, £ is the unit vector tangential to
the interface, k is the mean curvature of the interface. We
denote the liquid stress tensor by 7, so for a Newtonian liquid
we have
—P + 2pu,
”(uy + Ux)

ﬂ(uy +vy)

t= —P+ 2uv,

(13)
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If o is the surface tension of the fuel-film and film-foam
interfaces, then substituting the stress tensors in (11) and (12)
we find
(ux(Hxi%hx)z_(Hxi%hx)vx_zuy(Hxi%hx)"'Z”y)

1+(Hxi§hx)2

totk, =—P+u
(14)
(15)

((uy+92) (1= (Hxt5h)? +2(Hxt5h) (0 =ux))

\ 1+(Hxi%hx)2

We shall refer to (14) as "normal force balance™ and (15) as
the "tangential force balance" at each surface. We must also
specify the boundary conditions at the ends of the film. This
depends on the situation under considerations. The gradient of
surface tension in the tangential force balance is commonly
known as Marangoni stress. We also require a third condition
to locate the interface. Assuming that there is no evaporation,
we employ the kinematic condition, and the motion of the
interface (9) and (10) becomes

u=H, £ h +u(Hy £-hy) (16)
We have an additional unknown quantity here, the surface
tension o, which is related to the surfactant concentration

toi =p

B. Non-dimensionalization

We assume that the dimension of this film under
consideration in x — direction is of the magnitude L and that its
typical thickness is h = €L « L, where € « 1 is a small
parameter. Furthermore, we assume that the curvature of the
centerline of the film is small such that H « L. Finally, we
expect that the surface tension varies around a constant value y
in the magnitude Vy « y. Based on these assumptions, we
introduce the following dimensionless variables.

L
x = Lx’, y =€Ly’, t= Et’ u=Uu, v
— Uy _ eU |
=€euv :1 b= L p )
h = €Lk, Hi;h=eL(H’iEh'), ot =
y + Ayo'* (17)
Moreover, we introduce the following similarity
parameters;

i.The capillary number Ca =% which is the ratio of

viscous and capillary forces.

ii.The Marangoni number Ma = 2—;, which describes the
relation between Marangoni and viscous forces.

iii.The Froud number Fr = UTZ which has the dimension of
an acceleration.

iv.The dimensionless ratio % characterizes the relation

between gravitational and inertial forces, where g is
the absolute value of the gravitational acceleration.

. . UL .
v.The dimensionless Reynolds number Re = pT’ which
characterizes the relation between inertial and viscous
forces. We decompose the surface tension into a

constant component y and a variable o*Ay,where Ay
is the material property.
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We substitute these into (4)-(6), to obtain (dropping
primes);
Uy +v, = 0,

2R _ 2(_p g-Re
€“Re(u; + uuy, + vu,) = uy, +€ —x+uxx+7egx.

) _ ) g-Re
€“Re(ve +uv, +vv,) = vy, — P, + € (vxx + 7893’)'
The values e, and eg, are the coefficients of the unit vector
in the direction of the gravity, that is, g = ge,
The motion of the interfaces (9)-(10) becomes
u=H t>h+u(H, £5h,) (18)
We assumed the foam layer is stationary meaning fuel spill

on a plateau. The force balances in normal and tangential
directions (11)-(12) are;

1
€ (Hxx ithx)
+ (a + eMan—r) TR
1+ €2(Hy + 5 hy)?

1 1
Zezux(HxiEhx)z—Zezvx(Hxi—hx)—Zuy(Hx

1
iihx)+2vy

—P+ e (19)
In the normal direction and,
teMaot = (y+€20x) (1—€2 (Hyt3ho) 2+ 262 (Hy 3 h) (v —1ix)) (20)

[1+€2(Hyt2hy)?

tangential direction. The fluid mechanics problem is closed by
imposing a kinematic condition on the interfaces.
w=H +>h+u(H, £3h,) (21)
A simplified one-dimensional model for the evolution of the
film can be derived by expanding the dependent variables as
asymptotic series in powers of the small parameter €. Finally,
we need the solution of the governing equations (4)-(6) as
perturbation series in powers of the small parameter e.

C. Reduction of Thin-Film Equations

We expand the dimensionless equations in terms of the
small parameter €. At the moment, we make the following

assumptions.

1, E~"R"’<<1

2. eMa «1
3. €?Re K 1
In the proceeding section, we considered the changes we
have to make if the above assumptions do not hold. We make
ansatz?® ¢ = ¢, + €%¢,+... where ¢ stands for any of the
unknowns. Then the leading-order problem reduces to:

Upx + voy =0 (22)

Voyy = Poy (24)
With boundary condltlons on y =H, + %ho; we have

Vo = Hoe + ugHox £ hOt uohox (25)

ia (HOxx + EhOxx) =—F + 2on (26)

Ugy =0 (27)
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These equations can be simplified further. Integrating (23)
and applying (27) gives
Uy = Up(x, ), (28)
that is, the longitudinal velocity, which is constant across the
film. Thus, such flows are often termed "extensional”. Next we
integrate  (22) over [HO - %ho, y] and [y, Hy + %ho],
respectively. This yields with (25) the following equations:

Roe Rox
O_uox(y Hy + > ho)"‘%(J’)"‘ +Ug—- 2 — Hy,
— UoHox
1 hot hox
0 =wupy | Ho +Eh0 =y =v () +7+uoT+H0t
+ ugHyy
Adding these gives mass conservation:
0 = hoe + (Uoho)x (29)
Subtracting leads to an expression for v,:
Vo = YUox + Hor + (UoHo)x (30)

From (24) and (25), the equation of the center line is found to
be
Hoxx =0 (31)

This relationship forces the center line to be straight and
hence, without loss of generality, H, = 0. We include inertial
effect across the film will result in an equation for H, which
must be solved alongside those for u and h.

We now also obtain the leading order pressure, P,.
Substituting for v, into (24), integrating and applying (26) gives
[37]

PO - _2u0x hOxx (32)

The pressure is therefore generated by a combination of
external (viscous) and capillary effects. If Ca « €, the scaling
for P, is no longer valid. In this case, the pressure gradient may
enter into the Navier-Stoke equations in leading order and we
obtain a lubrication-type equation. We now have (29), (30) and
(32) for the four unknowns hg, ug, vy, Py. We need one more
equation in order to close the system. This will be taken from
the next order €2; the relevant parts of the ¢ (e2) problem is
[37],

Uqy + v]_y = 0 (33)

9gRs
Re(uoe + ugliox + Voloy) = —Pox + Upxx + Uryy +—eg,.
(34)

The related boundary conditionony = + lho,

Ma
t _Ux - uly + Vox t 2hOx(vOy qu)

Integrating (34) across the film together with this boundary
condition leads to

gRe
ho [Pox — Upxx — Fr
Ma —
== (U+ +07 ), — UOxl@ + 170x|_@ + 2ho, (2ugy + vOy)
2 2

(35)
Under the assumption of symmetry, that is, o = oy,
together with (30) and (32), we obtain from (29) and (35) a

e, + Re(ugr + UgUoy + VoUoy)
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3 an assumption about the form of an unknown function which is made in
order to facilitate solution of an equation or other problem.
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system of two ODE’s for the two unknowns in h and u
(dropping the subscripts)

| 0= he+ (uh), (36)
0="2 (20x) + =Rl — Reh(u, +uw,) + h ’; ey, +
4(hux)x (37)

We note that the surface tension o still appears in these
equations. We will relate this quantity to the surfactant
concentration in the following sections. If the surfactant is not
present, the surface tension is constant, and the corresponding
terms drop out.

D. Special Case

We have assumed that ¢

1. In this section, we consider some spemal cases in which these
conditions do not hold.
1) Dominant boundary forces

We consider the case when eMa is of order one or higher.
Since we assume Ay « y this means Ca « € As we can see
from (32), we have to rescale the pressure and will use the

scaling P = ZL) p'. In this case, the dimensionless Navier-
Stoke equatlons in leading order becomes;
qu + uOy =0 (38)
Pox = Upyy (39)
Py, = 0. (40)

The boundary conditions change accordingly (we assume a;—r =
0).

2170 = thy + ughoy (41)
2ca hOxx =-F (42)
+eMact = Ugy- (43)
(40) yields constant pressure across the film, hence (42) gives
3
€
Py = thxx-

Integrating (39) across the film using (43) gives, together with

the expression for the pressure:
3

2Ca hOxxx + Ma(ao + UO )x -
Then integrating (39) twice with (43) ylelds
eMa €3 hg
uo_u+_(00 00 )xy+4c hoxxx(ﬁ_y )r

where

uo(hz)+u0( ;10) €3 hz
u= 2 Fhoxxx < 6 )
Note that the Marangoni term cancels due to symmetry. We
observe that we no longer have constant velocity u, across the
films; but that we obtain a parabolic velocity profile as in
lubrication theory. Finally, integrating (38) across the film
together with (41), we obtain mass conservation:
hoe + (hot)), = 0.

The final system for h and @ is then given by (using

symmetry and leaving the subscripts):

0 = h; + (uh),
2Ma €
= o, + ﬁhhxxx'
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Apart from the fact that the tangential velocity is no longer
constant, across the film, this is exactly the same model as we
obtained before in (36)-(37) for the case that inertial and
viscosity can be neglected; that is, the film is dominated by
surface forces.

2) Model of a fast film

We will now consider the case in which the liquid drains out
of the film very fast; that is, the velocity scaling is so large that
the condition e?Re « 1 from the previous section no longer
holds. Assuming that inertia forces enter in leading order, we
obtain the following system.

Uy + Voy = 0
€?Re(ug; + Ugloy + Vollpy) = Ugyy
€2Re (Vo + UgVoy + VoVgy) = Voyy — Poy
With boundary conditions

Vo = hOt uo hox

€
Z_CahOxx = _PO t quhOx + 21]Oy

+eMaoy, = Ugy
There are two possible scenarios;
* Capillary and Marangoni forces are negligible, and the
tangential velocity u is constant across the film. Then we obtain
the following hyperbolic system:h; + (uh), = 0,u; + uw, =
0. That is, the flow is completely inertia-dominated.
* Capillary and Marangoni forces enter at leading order; the u
is not constant across the film. In this case, we are not able to
simplify the system further. If the velocity scaling is very fast,
capillary and Marangoni forces only appear in leading order if
€ is large. Hence, the model describes a relatively thick film for
which the flow film approximation does not hold and the full
problem has to be solved.

E. Effects of pressure Drop Across the Film

This section shall show how the thin film equations of
Section D(1) may be modified to take account of pressure drop
across the film. We shall set Ma ~ O(¢€),Ca ~ O(e) in all the
calculations that follows, that is, we work in the distinguished
limit viscous, capillary, and Marangoni forces already balance.
If we wish to incorporate a difference in pressure across the
film, as in the case of a film between two bubbles of different
sizes, or in a glass bottle manufacture, we must rewrite
boundary conditions as

€ 1 Zezux(hxi%hx)z
ia(”xx + Ehx") =Py —P+ 1+e2(hetih)?
262y (Hy 5 o)~ 2uy (Hyt3hy) +20y (44)

14€2(Hy5hy)?

where P, represents the nondimensional pressure above and
below the film. If we allow the pressure difference, AP = P, —
P_, to enter the problem at leading order, we modify (26) to read
ié(HOXX + %h(,xx) =P, —Py+2vy, on y=H, i%ha
(45)

Integrating the normal momentum balance and applying the

above boundary conditions results in the following equation for
the center line

2
—AP+£HOXX=O (46)
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That is, the center line is a parabola. The leading order pressure
is modified to read

(P4+P_)
Py = +2 - iHOxx — 2Ugy (47)

The equation for conservation of mass and the longitudinal
force balance remains the same. Therefore, the effect of
including a pressure drop across the film is to force the
centerline to have non-zero curvature.

F. Surfactant

1) Physical model

As discussed in the previous sections, the presence of a
surfactant reduces the surface tension of an interface, and the
surface tension becomes a function of the interfacial
concentration, C, that is, ¢ = a(C). All surfactants tend to be
partially soluble in the bulk liquid. In general, there will be a
relationship between the surfactant adsorbed at the surface and
the concentration in bulk [32, 20]. There is a need to model a
foam stabilized by the effect of a surfactant on the surface
tension. We denote its bulk concentration by C(x,y,t) and
surface surfactant concentration on the top and bottom surfaces
by I'*(x,t) respectively. We assume that the bulk
concentration is governed by convection and diffusion. Thus,
we obtain the following equation for C(x, y, t):([37])

C + uCy + vCy = Ds(Cr + Cyy) (48)

The diffusivity Dy is a material parameter that we assume to
be independent of space and time.
2) Conditions at the free interfaces

Surfactants tend to assemble at the surface of the liquid.
Therefore, it is not sufficient to consider the concentration at
the surface as the trace of the bulk concentration, but a new
quantity is introduced, the surface concentration I". We assume
that I' is governed by convection, diffusion and a flux of
surfactant from the bulk onto the surface, [4] thus it is described
by

L+ V. (urF)Z =Vr.(DVOT +j
L+ 75 = Ds R = (49)

The index I" stands for the surface, that is, the directions
spanned by the tangential vector. The material parameter D is
the surface diffusivity assumed to be constant, and j is the flux
of surfactant from the bulk. We have to close the system by
adding some more equations for the newly introduced
unknowns I'" and j as well as for the surface tension o. We need
arelation between I' and € which is introduced by a constitutive
equation for the flux j,

Jj=Jj,n.

There are several such models in chemical literature, and we
apply one of the most common ones, the Langmuir-
Hinshelwood equation [4, 2].

J =k (C(Io = T) — kaI) (50)

In (49), sets the rate of adsorption of surfactant at the surface
to be proportional to the subsurface concentration, C(x, H,t)
and to the amount of space available at the surface. The material
parameter k; and k, also determine the relative magnitudes of
adsorption and desorption. It is often assumed [2] that the
adsorption process happens on a much faster time scale than the
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other effects. In this case, (50) reduces to a relation for the
thermodynamic equilibrium called the Langmuir isotherm.

r = =9 (51)

(k2+C)

A relation between the flux j and the bulk concentration C
can be divided under the assumption that the flux onto the
surface in the bulk is controlled by diffusion and therefore. This
is given by

. ¢
] = _Ds Z:

so that,
27X

_ Dy 1
T (¢ - (£ 500 c)
Jl + (H, i%hx)2
In contrast to equation (50), describes the behavior in bulk
and not at the interface. However, due to continuity reasons, the
two expressions are equal at the interface. Therefore, we can
eliminate j and obtain two equations by equation (52) and (49)
on the other hand and (52) and (50) on the other hand. Using

(7) we get ( (
by = (C(o = 1) = ko) = —=——(C, — (H, %
/1+(Hxi—hx)2
L 2
3hx) C) (53)

3) Effect of surfactant on the surface tension
At free surface, a surfactant is able to expel its hydrophobic
tail from the solution and this reduces the surface energy of the
system. For this purpose, it is necessary to impose the resulting
constitutive relation between the surface tension and the surface
concentration. Therefore, we apply Frumkin equation [2].
0" — = —ROl,In (1 - FL) (54)

&)

(54) models relation for a wide range of surfactants. The term
o — o is sometimes called the "surface pressure". If the
surfactant concentration is above the critical micelle
concentration (see section 1.1.3), we must include diffusion of
micelles and interplay between the bulk and the micellar
concentrations; we shall not model such since it is beyond the
remit of this work. R denotes the gas constant, 6 the
temperature, and o the surface tension of the pure liquid
without surfactant. Note that this equation has a singularity for
I' = I, and therefore becomes invalid in this limit. However,
we will only consider relatively small concentrations in which
the model is a good approximation of the real behavior. In
thermodynamic equilibrium, we can plug (51) into (54), and we
obtain after differentiation.

—_ _ Cx

o, = —ROT, ) (55)
- _ Cy

o, = —ROI, Ft0) (56)

For the thin-film model (36)-(37), only the partial
derivatives of the surface tension are needed. For small
concentrations € < k,, we can simplify (51) and (55)-(56) even
further to obtain a linear relation.

(I%0)
r =
k,
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(RQI" )
O-X = kz x

(ROI)
oy, = — K Cy

4) Non-dimensionalization
Additionally, to the dimensionless variables introduced
earlier, we non-dimensionalize C and I' by
c=crc’
rt=rrrt
We also introduce some similarity parameters
i.The pe'clet number P, =% which characterizes the

S

relation of convection and diffusion in the bulk.

ii.The replenishment number S = (;rc*)), which is the
relation of diffusion from the bulk unto the surface and
convection at the surface.

c*
iii.Moreover, we introduce /\—— and II = which
2

describe the order of magnltude of the concentrations
compared to the saturation concentrations
With these, the convection-diffusion (48) for the bulk
concentration of the surfactant becomes (dropping primes):
€2P,(Cr + uCy + vCy) = €*Cyp + Cyy, (57)

At the interfacesy = H + lh

r+\[1 +€2((Hy £ - hx) )+ (U T, = —(Cy +
€2 (Hy £3h,)Cy) (58)
Equation (53) becomes
= $h)?) ) =
eleF*\/1+ez((Hxi5hx)2)
S_er-< (59)
A In

Finally, we have the Frumkin (54) for the relation of surface
tension and surfactant concentration;

(C + €21 + € ((

@ _ W o+ _warh
(ROTw)  (ROTw) o* =-In (1 Too ) (60)
(Foon)c
r+=—-t— (61)
1+IIC 1
[
s W)
(1+Hc)
In the presence of a surfactant,
_ Rl
o = V)/
We obtain
0 = h; + (uh), (62)
2M
0= %hhxxx + —a — Reh(u; +uuy) + h egx
4(huy)y , (63)
(hCy)x — P.h(Cy +uCy) — = (Gt + (us€)x) =0 (64)
Where
oy =—I, =Cy (65)

I1l. MODELLING VELOCITY, DRAINAGE AND VOLUMETRIC FLUX
PROFILE OF THIN-FILM

We have derived a system of equations for the description
of a thin film between two free surfaces in the previous chapter.
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We have considered all the phenomena that we assume to play
an important role in the thinning process. In particular, these are
gravity, inertia, viscosity, capillarity and marangoni forces due
to the presence of surfactants. Moreover, we have derived
equations modeling pure liquids and surfactant. The approach
to drainage in foam lamellae and isolated films are central to
the process of the thinning rate and lifetime of aqueous thin film
spread over a fuel spill on a plateau to mitigate fuel vapors. We
deal with the aqueous film arising in application of aqueous
film forming foam, AFFF, which contains small amounts of
fluorocarbon that enable a higher-density aqueous film to form
on top of the lower-density hydrocarbon fuel-spill surface by
lowering the surface tension of the film. It is the film that
suppresses the transport of the fuel vapor from the pool surface
to the surroundings [33]. In order to gain knowledge about its
decay rate, we study the thinning of a single foam film.
Therefore, we have to study the environment of the given
process and the general behavior of foam in the process. In the
following, we assume on this basis that we can consider a thin
film starting as a horizontal uniformly spread liquid on the
surface of fuel and thinning due to drainage. The computation
starts at the time when the film is thin enough such that the thin
film approximation can be applied.

A. Assumptions

The following assumptions are made about the model:

i.The film is long and thin so that a typical length scale, L is
much larger than a typical thickness.

ii. The liquid density p is constant.

iii. The shear viscosity u is constant.

iv. The surface tension y to be equal on the two interfaces.

v. The liquid velocity is characterized by a typical value U.

vi. Exterior forces acting on the thin film due to the fuel and
foam flow are negligible

vii. The geometry of the computational domain is considered
to be constant in time

B. Initial and Boundary Conditions

As we have already mentioned in the previous section, no
boundary conditions at the ends of the thin film have been
considered. We are dealing with surfactant stabilized thin film.
Therefore, we discuss conditions at the boundaries of the
computational domain. Moreover, the challenge of finding
initial values for the thin film problem is addressed.

1) 6.2.1 One-Dimensional Problem

We consider a case of a two-dimensional foam. Apart
from the initial condition, we need conditions at the boundary
x=x,=0andx =xz = 1.
Conditions at x = x; = 0 The film thickness, h, the velocity
u and the concentration C, respectively, we have

he =0 (66)
u=20 (67)
C,=0 (68)

Conditions at the interface x = xg =1

Recall that in the thin film approximation, for a viscous
dominated film, the momentum equation reduces to 4(hu,), =
0 in 1D. The first boundary condition for the film thickness h,
at the right boundary is therefore
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h,=0 (69)
A possibility to define the condition for h:

Use the reduced momentum equation and set

4(huy), =0 (70)

If h can be obtained, the first approach is to be preferred.

However, in general we do not have this information such that
we will use the second alternative, although it is a less exact
approximation. We consider the velocity u, for which one more
condition at x =xz =1 is needed. There are several
possibilities for this and in the following, we will discuss their
advantages and disadvantages

i. Another possible condition is to set u(1) = % but as in

the first case, this is only a good approximation close to
the interface x = x; = 1.
ii. A second approach is to set constant flux at x = x;z = 1,
that is
(uh), =0 (71)
Plugging this into the mass equation, we observe that this
results in h,(1) = 0, such that the thickness of the thin film at
the boundary remains constant. If the behavior of the thickness
of the interface is known this condition can be improved to
(uh), = —h(1) (72)
at the boundary xz = 1. In what follows, we will use the second
approach.
Finally, the concentration C, is considered. Then we
prescribe a homogeneous Neumann condition,
C, =0.

C. Parameter Settings

In order to solve the film-thinning problem for surfactant-
stabilized film, we need to have some information about the
physical parameters appearing in our model. These are
approximated and outlined in Table I.

(73)

TABLE |. Parameter for the aqueous Surfactant

Parameter Name Value range Unit
D Diffusivity 1071° - 1075 m?/s
Dr Surface diffusivity 10719 - 1075 m?/s
c* Typical bqlk ~ 10 mol/m?

concentration
Surface saturation 6 _s 3
- < —<
lo concentration £107-=10 mol/m
Typical sur_face <10°6—< 105 mol/m?
concentration
X2 Langmuir parameter 1072 -1 mol/m?
R Universal gas constant ~ 8.3 J/molk
6 Temperature ~ 300 K

D. Existence and Uniqueness of the Linearized Problem

We consider a one-dimension problem in the presence of a
surface active agent, in which the constant parameters are set to
one and make the assumption that capillary effect can be
neglected. Moreover, we do not regard any boundary conditions
but assume a Riemann problem on R.

Riemann problem: Find h,u, C: [0,T] X R — R, such that

0 = h; + (uh),,
X Cx
0 =ut+uux—uxxc— théx+zh—g,
ux xx X~X
0=_C C - -
B Ry A
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Cy = —0y
On[0,T] x Rand
h = ho,
u = uy,
C = CO
On {0} x R.
Equivalently, we can write the system in conservative form
as
U+ F(U), = G(U) (74)
With
uh
u?> ¢
h .
U=lul, F=[2 h
I uC
i+h +uC

denoting the derivatives with subscripts Eq.(74) can be written
in the form
U + HU)(U)x = G(U) (75)
We linearize this problem with respect to the initial values
hy, u, and C,, yielding the Linearized problem: Find
h,u,C; [0,T] X R — R such that
0 = h; + (hug)x + (how)x — (holt)x, (76)
0 = u; + (Uol)y — Uyy — X uo"hx+%z#h+;—"—
0 0

ho ¥ - o
Cox Cox
f?_ﬁ — 1 —ugug, + hLO (77)
0 Upx UpxCo
0=C,+uyC,+C + + C—
£ toba T Rox U T e TR Y T (L + hy)?
_ hO C _ COxx hOCOxx h
1+hy ™ 14+hy (1+hg)?
h
_ ch _
1+ h,
Cox hoxCox UgxCo
h, + —UyCoy ——— =+
T+ hy T (A4 ho)2 "7 T (1 4 hy)?
hoCoxx hoxCox
(1+hg)?2 ~ (1+hg)? (78)
On[0,T] x R and
h = ho,
u = Uy,
C = CO

On {0} x R. For the integral form of the linearized problem, the
mathematical definitions of the respective spaces and norms are
needed.
Definition 1
Let
H™(R){u € L>(R): D?>u € L*(R), |a|] < m}
Be a Sobolev space of order m. In particular H°(R) = L?(R).
Define the spaces V, H by
V:= H?(R) x H'(R) x H*(R)
H:= L*(R) x L*(R) x L?(R)
With (.,.)ym and (.,.),2 as the standard norms defined on the
spaces H™ and L2. Note that V and H are Hilbert spaces with
respect to ((.,.)) and (.,.), respectively.
Definition 2 Let V, H be a pair of real separable Hilbert spaces
with corresponding scalar products ((.,.)) and (., .), and norms
[l-1]and [.].
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Let TeERU{x},B be a Banach space. L*(B):=
L?(0, T; B) denotes the space of functions t —» f(¢): (0.T) » B
such that

i f is measurable for dt,

1
i Nfllew = (f IF@©I3dE) < o
Moreover, we define the space
WWV):=W(O,T;V,V'):= {u:u € I2(V), u' € L2(V")}
Where V' denotes the dual space of V
Using Definition 1, Integral formulation requires less
derivability conditions on the solutions, which allows to obtain
discontinuous solutions. These discontinuous solutions do not
verify the partial differential equation at every point because the
derivatives are not defined at the discontinuities, and must meet
a ’jump condition’ along them, which is obtained from the
integral form (see Lemma 1, Rankine-Hugoniot condition).
Problem 1
(Integral Form): Find

h
U=|ul:[0,T]xR—->V
C
fulfilling
Ut=0)=Uy, eV (79)
Such that

Ef "y U(x,t)dx + [ ’*"—F(U(x t))dx = [ “2 Gdx (80)

Smce the integrand (80) is continuous and it holds for every
segment (xj_l X +1), then it follows that the integrand must
2 2

vanish in order to have the partial differential equation given
by (74). All the integration are performed over R.
Theorem 1 Discontinuous Solution to (76), and (77) Let u, €
C'(R). Then the Cauchy problem has a unique solution u €
[(0,T) x R].
Proof. Note that classical solutions are weak solutions and weak
solutions that lie in C'(R x [0,T]) satisfy (74), (79) in the
classical sense. An important class of the solutions are piece-
wise classical solutions with discontinuities separating the
smooth regions. The following lemma gives a necessary and
sufficient condition imposed on these discontinuities such that
the solution is a weak solution [12, 16].
Lemma 2 Rankine-Hugoniot jump condition Assume that
R % [0, T] is separated by a smooth curve x = x(t) into two
parts 2, and £,. Suppose that u is a classical solution of (74)
on either side of the curve x = x(t) and that u and its
derivatives extend continuously to the curve from the left to the
right. Furthermore, assume u is a C* —function on £, and £2,,
respectively. We therefore obtain the necessary condition

(ugp(®) —u (£))x(t) = f(ug(t)) — f(u ()
for u to be a solution of the integrated version of the
conservation law. It is often written

[f )] = x[u]

By allowing shocks [17] we can solve the IVVP uniquely. We
first look at constant states. The simplest problem to solve is the
transition from one constant speed, say uy to another speed u;.
The deceleration requirement is that wug >u;, hg >
h,, cg>cp.
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The shock speed s = x(t) =

segment connecting two points on the qux curve.
Using definition we can admit discontinuous solutions
using the integral form of the conservation laws, that is

—f “2 U(x, t)dx + [ ’+2—(F(U(x t))dx = [ ’+2 de(81)

, is the slope of the line

where
ugh + hou
c
UoU +
F)=|"°" "1+h|, G
uc, 4
T+ hy €
(hotto)x
C
1+ upupx — %
- (o]
quCO hoxCox
Uolox ¥ T 132 T T+ hy)?

Theorem 3 Let h,,u,, C, and their spatial derivatives be
bounded by some M and let h,(x) > H, > 0 for all x € R.
Then there exists a unique solution U of problem 1 and the
solution fulfills
Uew(,T;V,V").
Proof. We prove Theorem 3 by applying results from [8,
p.~513], following two conditions:
Condition 1 For each t € [0,T] we are given a continuous
function U on V with the following property: For u € V, the
map t - U(t, ) is measurable and there exists a constant M =
M (t) > 0 such that
UG w)| < M||U|| Vuev
Condition 2 The initial conditions and sources satisfy
u, € H'(0,1), G € L>(V").
Using these, the following theorem can be stated:
Theorem 4 Consider the following problem:
Find u satisfying
ueww)
and
Ly Odx + [ F U £)dx =
dt xj—% xj—% 0x
X. 1
*2 Gdx
x},_%
Moreover u(0) = u,. Suppose the spaces V, H are given,
U(t; X(t;0,y) satisfies Condition 1, and wu,, G satisfy
Condition 2. Then the problem has a unique solution u fulfilling
W(,T:V,V").
For the proof of Theorem 1, we refer to [9].
Proof Existence. Let u,(x) € C}(R) and f € C%(R) with u, >
0 be given. Since u is defined as the composition of the C* maps
uy and (t,x) - X(0;t,x). Then there exists a maximal time
T >0 such that (75), (79) has a unique solution U €
C1([0,T] x R). The corresponding characteristics are straight
lines. If H(uy) for the system (75), (79) is increasing, the
maximal existence time is infinite, T = inf. The formula (79)
defines a C?* function. Since u is defined as the composition of
the C* maps u, and (¢, x) = X(0; t, x). This function obviously
satisfies u|;—q = u,.
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Uniqueness

Uniqueness follows from the uniqueness of characteristics
(the PDE is reduced to an ODE along the characteristic), as
follows. Since the map t —» X(¢;0,y) is C* and u € Ct, s0 is
the map ¢t - u(t,X(¢;0,y)). Applying the chain Rule one
easily sees that

%u(t,X(t; 0,y)) =0.
Hence t - u(t,X(t;0,y)) is constant on [0T] and
u(t,X(t;0,y)) = u(0,X(0;0,y)) = uo(y).
Letting x = X(¢; 0, y) we have x = X(0;t,y) so that
u(t,x) =ue(X(0;¢,x)), V(t,x)€[0,T]xR.
For the proof of Theorem 2, we refer to [8]
Condition 1. We have to show that the function U is bounded,
i.e. foreach U e V, t — U(t,u) is measurable and there exists
a constant M = M(t) > 0 such that
Ut w] < MUl _
Since we assumed that hy, hgy, Ug Ugxs Cor CoX < M
are all bounded, we can drag them in front of the integrals in
(80). Further hy? is bounded by Hy. We denote the common
bound of M and Hy * by M, and obtain from (80):
|U(U)| < MOI |hx| + MOf |ux| + MOf |ux| +M0f |uxx| +
Mg [ | + M [ el + Mg [ |R] + Mo [ le| + M5 [ ]+
Mo [ lexl + Mo [ ul +M§ [ luycl+M§ [ |c|+ Mg [ |hl+
MG [ NCxxl + Mg [ lex| + MG [ |hye| + Mg [ |R] +
Mg [ |hel + Mg [ |hel < MU
Such that |. | denotes the absolute value not the norms in H.
add Condition 2. The condition on U, follows immediately
from the assumptions of the problem since V c H.
This concludes the proof of Theorem 3. We have shown that
there exists a unique solution U of problem 2 which fulfills U €
W(O,AT:V, V.

E. A Finite Volume Approach

The staggered finite volume method is advantageous for the
discretization of conservation laws such as the thin film
equations due to its direct connection to the physical flow
properties. In this section, we consider the one-dimensional
case with capillary effect negligible. The flux evaluation is the
most important step in this solution [18]. The method can be
formulated analogously for the two—dimensional problem. We
consider the 1-D case as follows: Let Q =[0,1]. Find U =
(h,u,c)T:[0,T] X @ — R, such that

0 = h; + (uh), (82)
0 =2c, + Reh(u, +uw,) — h*Zeg, — 4(hu,),  (83)
0 = 2 (C, + (WO),) + Peh(C, +uCy) — (hCy)x (84)
In[0,T] x Qand

u=1u,

On [{0}] x Q. Moreover, the boundary conditions

0=nh, (89)

0=1c, (86)
atx =0, and

0=c, (87)

0= (hu)y (88)

u= % (89)
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At x = 1 must be fulfilled. In order to formulate the integral
form of problem, we have defined a suitable space.
Definition 3: Let Q = [0,1]. Let the sobolev space H™ () be
given analogous to Section 6.4 by
H™(Q) = {u € L*(Q); D%u € L*(Q); |a| < m}
We can then define the spaces
Vi(Q) = {u € H?(Q); u,(0) = 0},
Vu(@) = {u € H'(Q);u(0) =0
and
V. (Q) = H'(Q).
Moreover, we let
Vi=Vy(Q) X V() X Ve (Q)

Thus, we can formulate the
Piecewise problem Find U: [0, T] — V, such that

SW)+FU), =0 (90)
where

ui)=U,€eVv

The corresponding finite-dimensional approximation reads
Finite volume problem Find Uy: [0, T] = Vy, such that

L WUn) +F(Up)x =0 (91)
where

Un(0) = Uy, EVy

Vy denotes the finite-dimensional approximation space to V.
There are multiple possibilities to define such a space that differ
in their approximation qualities. For further information, we
refer to [5]. The following is an exemplary approximation space
Vy suitable for our problem.
Remark (91) is a finite-dimensional system of ordinary
differential equations which can be solved using a standard
solver.

We describe the staggered scheme in the one-dimensional
case. We consider the time interval (0, T) and the space domain
Q:= (0,1). The time interval is divided into N, time steps of
length At and for all n€{0,1,...,N:},t" =nAt. The
domain Q is divided into N, cells of length A x. The left end,
the center and the right end of the j — th cell are denoted by

X;_1, X and X L respectfully. This method is based on writing
2 2

the governing equations in integral form over an elementary
control volume or cell, hence the general term Finite Volume
(FV) Method.

The approximation of h at point x; and at time t™ is
denoted by h'. The velocity u is discretized at the interfaces
between the cells. The approximation of u at point X1 and at

2

time t™ is denoted u}:z- Fluxes, on the other hand are evaluated
2

at the interfaces between (xj_l and X; ,1). From the derivation
2 2

in Chapter 3, thin film drainage model (82)-(84) are balance
laws in the form (91).

For the jth cell, the integration of (91) with respect to x
from control surface x]._% to control surface X; 4k yields:

< udx +
delx; 1 uax o

Recalling that the flow variables (h&u) are averaged over
the cell, the application of Green’s theorem to (92), gives

,—FE =0 (92)

1 _1
2 =3
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nt1 o At —F_"E] 93)

Ax ]+— J=3
Where the superscript n and n + 1 reflectthe t and t +A t time
levels respectively. In (93), the determination of u at the new
time step n + 1 requires the computation of the numerical flux
at the cell interfaces at the old time n and the evaluation of the
source term. The source terms are introduced into the solution
through a second-order time splitting. The evaluation of the flux
term is presented in the next section.
1) Flux Computation
In the Godunov approach the numerical flux Fj,q/,, is
determined by solving a local Riemann problem, section 4.5.4
of the Handbook on Numerical Analysis Hyperbolic Problems)
at each cell interface.
PDE: U+ (F(U)y =0 tE€ [ty tni1] (94)
u, if x<x. 1,
ICs: u(x,t,) = . 2
T ug, if x>x. 1.
Jt3
Where the left and right states are given , respectively, by u, =
w ™ and ugp = uyy
To compute the flux F].+1 we need to know the solution u
2
along the interface x = xj%, t, <t <t,+At. We introduce

the shock speed at the cell interface;
_ fug) = f(u)
B Up — Uy
According to the Rankine-Hugoniot jump condition under the
condition that f(u) is convex, using the method of
characteristics: we have, fort,, <t < t, +At,
u(xj%, t) =
and f'(ug) >0
and f'(ug) <0
and f'(ug) <0 and $> 0(95)
and f'(ug) <0 and $<0

w, if f'(u)>0
ug if f'(w)<0
w, if f'(u)=0
ug if f'(u)=0

Note that the four cases correspond either to a shock where,
according to Lax’s criterion f'(u;) =$ = f'(ug) so that
Uj+1/2 = Uy if U.j+1/2 = Upg if $ > 0.

The celebrated Godunov’s method, [18] is now
obtained by simply using the solution to the Riemann problem
(95) at each interface X1 to compute the numerical fluxes

2

F. 1,F. 11in (94), yielding
J=3 i
F(x].+%, t) =
and f'(ug) >0
and f'(ug) <0
and f'(ug) <0 and $>0
and f'(ug) <0 and $<0

if f'w)>0
if f'w)<0
if flu)=0
if flu)=z0

f(u)
f(ug)
fu)
f(ug)

(96)

2) Stability of the Godunov method
The numerical results indicated that stability for the upwind
scheme is subtle. It is unconditionally unstable as the scheme
(101), instead. the stability depends on parameters Ax and At.
Numerical results indicate the crucial role played by the ratio ||
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% l. Recall that the upwind method is stable under the CFL
condition. Therefore, provided the CFL condition
"My A% < L
max|f' ()| 5 < 3 (97)
Is satisfied, Godunov’s method is stable [18
that the scheme used is stable.

3) Consistency
A finite volume scheme (101) with numerical flux function

]. We assume

F]-T_:_l = f(u]n—n+1' B u]n+n) (98)
2
is consistent if
F(u,..,u)=f(u) Vv uelkR (99)

4) Convergence
The numerical results shows that the scheme with the flux
function
u +f(u
PRy = gy, = (D (100)
It gives the standard central difference scheme for the
conservation law (94) end up being unconditionally unstable
even for linear equations. The conservation equations are
presented in the discretization below: Using finite volume
framework, we assume that @" =~ ii(x;t"), f(@") =~
fQ(x;, t™) and G = G (u(x;, t™)). The fully discrete finite
volume method [18] to get the numerical solution to the balance
laws (94) is
L_Ln+1 — u (Fn _ Fn 1)
1+— j—3

y (101)

We now proceed to describe our staggered finite volume
scheme for (82). The mass conservative approximation for (82)
at the cell X 1,1 is

2 2

At .
B = e - E(}?j’% . an_%) Vjez (102)
Where
th lf u] 1 > 0,
n nn A 2
F1+1 - h1+3u1+3' hj+§' Wiy if ul1<0 (103)

2
The upwind approximation (103) is a direct consequence of
considering the flow direction-when the flow is to the right
(uj_z) > 0 we take the left flux h]-u].+1; and when the flow is to
2 2

the left (uj+1 < 0) we take the right flux h; 1l
2 2

The approximated momentum (83) and surfactant
conservation (84) are
n+l, n+l _ pn n n =n n-n
h% +% = hj+%uj+_ [Fjﬂuj+1 F'ut +
u” —ul
2Ma ptl n+1) 2| ppt1 Jt3 I3
Ree \'J+1 j+1 Ax
un+ -u"
J j
hn+172 1-< Athn e (104)
Ax Ix. 1
Jt+5
Rt = P ey — R Eh, — Bt +
J+s e j4s it oax | JFTIEL 0T
2 2 2 2
a +1 ;n‘*‘l C} :
n n _ n+1 2
P ]+ (W1 —u) h}+1 A (105)
Where
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h]’,‘+§ =-(W+ 1Y), V€L (106)
n_1(mn n
Fr=3(Fr ) (107)
u;l_l lf F}n > 0,
art=1 57 (108)
j n . n .
uj% if F'<0, VjeZ
=, B=P
a - B e
cjn_l u >0
=9 n° 109
Tl wr<o vjen (109)
2
h;l+l' F[*, 4} are as in (106). (107) and (108).
2

We are now ready to present our results of numerical
simulations of the thin film drainage model.

IV. SIMULATIONS

In the previous sections, we have derived and analyzed
models for the description and simulation of the dynamical
behavior of a thin film foam. We now present and discuss
results of simulation of the velocity profiles of the interface of
the surfactant-fuel. This will depict the drainage of the aqueous
films confined surfactant-fuel thin film in order to arrest fuel
spill explosions.
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A. Numerical Simulations

In this section, we present some numerical solutions of the
one dimensional problem. The one-dimensional problems are
computed on the interval I = [0,1]. The boundary conditions
applied are xz =1 as discussed earlier in the chapter. We
prescribe hy =1 and u, = Oas that initial conditin for the
thickness and the velocity. Numerical plots of the film velocity
profile for the established discretized equation presented in
(104)-(105) using finite volume method with varied Re =
[0.01,0.1,1,10,100,1000] and the results presented in Figs. 2-
4. The simulations are based on the evolution of a film with the
characteristic parameters ¢ = 0.01, Ma = 100, S =2 and
Pe = 1. The initial thickness is in this case given by hy = 1.
The surfactant concentration at time t = 0 issetto C, = 1, i.e.
we start with a uniform distribution as in a freshly formed foam.
Moreover, the film is motionless in the beginning, that is u,
0.

B. Surfactant-Fuel Thin-film Velocity Profile

We now turn to the question of the influence of a surface
active agent on the stability of a film spread over a fuel spill
surface. We present velocity profiles of of thin-film against
distance under varied Reynolds number in Figs. 2.
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Fig. 2. Velocity profile of the thin-film of surfactant-fuel foam. The first row from left to right is Re = 0.01,0.1,1. The second row from left to right Re =
10,100,1000

Fig. 2 indicated that for Re = 0.01, the velocity profile
stabilizes after = 0.5 and the flow continues. The plot also
indicate that for this Re value, the speed becomes constant after
= 0.5 simulated distance.

Fig. 2 indicated that for Re = 0.1, the velocity profile
stabilizes after ~ 0.5 and the flow continues. This observation
is similar to when Re = 0.01. However, unlike when Re =
0.01, the maximum and minimum velocities are less than the
previous figure. The plot also indicates that for this Re value,
the speed becomes constant after ~ 0.5 simulated distance.

Fig. 2 indicated that for Re =1, the velocity profile
stabilizes after ~ 0.5 and the flow continues. This observation
is similar to when Re = 0.01 and Re = 0.1. However, unlike
when Re = 0.01,0.1, the maximum and minimum velocities
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are greater than the previous figures. The plot also indicates that
for this Re value, the speed becomes constant after =~ 0.5
simulated distance.

Fig. 2 indicated that for Re = 10, the velocity profile
stabilizes after ~ 0.8 and the flow continues. This observation
is unlike when Re = 0.01,0.1. However, unlike when Re =
0.01,0.1, the maximum and minimum velocities are greater
than the previous figures. At the commencement of the
simulations, the velocity tends to be constant until after ~ 0.2m.
The plot also indicates that for this Re value, the speed becomes
constant after =~ 0.8m simulated distance.

For Fig. 2 the behavior of the solution is quite complicated.
The initial disturbances compress in some parts and expand in
some other parts. This leads to a combination of shocks and
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rarefactions. The oscillations decay after x ==
0.5,0.52,0.55,0.57&0.79, respectively in Fig. 2. For high
Reynolds numbers, Re = 100,1000 (see Fig. 2) the interfaces
fails to oscillate, rather reaches equilibrium state. However, at
Re = 100 besides the motion being not oscillatory, it captures
the discontinuity quite sharply.

Fig. 2 indicated that for Re = 100, the velocity profile is
constant at the beginning of simulation then falls rapidly at =
0.25m to U = O0m/s. The observation is unlike when Re =
0.01,0.1,1,10. However, unlike when Re = 0.01,0.1,1,10, the
maximum and minimum velocities are 1m/s and 0m/s
respectively. The zero speed is reached at =~ 0.38m. This imply
that at Re > 1, the surfactant-fuel thin-film is depleted faster
than Re « 1. The observation suggests that in order to suppress
the gas vapors and control the fire incidences, then Re #>> 1.

Fig. 2 indicated that for Re = 1000, the velocity profile is
constant at the beginning of simulation then falls rapidly at =
0.15m to U = O0m/s. The observation is unlike when Re =
0.01,0.1,1,10. However, unlike when Re = 0.01,0.1,1,10, the
maximum and minimum velocities are 1m/s and 0m/s
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respectively. The zero speed is reached at =~ 0.3m. This imply
that at Re > 1, the surfactant-fuel thin-film is depleted fasted
than Re <« 1. The observation suggests that in order to suppress
the gas vapors and control the fire incidences, then Re #> 1.
The observation when Re = 100,1000 indicate that the higher
the Re the faster the depletion of the surfactant-fuel thin-film
foam.

C. Drainage of the Film

We can study how the drainage of the thin film proceeds.
For each value of the thin film thickness h, we set the surfactant
concentration. We in this study simulate the drainage in thin
liquid film spread over fuel spill surface. So, once the remaining
parameters Pe, Re,S,Ma are specified, we can in principle
calculate Q for each value of h and thus determine the rate at
which the thin film drains. To demonstrate two classes of
solutions to the model, we start by keeping Pe = 5,Ma =5
and S =2 fixed while varying c. Fig. 3 summarizes the
drainage profile of surfactant-fuel thin film profile
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Fig. 3. Drainage profile beginning with Re = 0.01 to Re = 1000 with h(surfactant thickness ranging from H = 1mm to H, = 0.1mm).
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Fig. 4. Volumetric flux profile analogous to drainage profile beginning with Re = 0.01 to Re = 1000 with h(surfactant thickness ranging from H = 1mm to
Hy = 0.1mm).

Fig. 3 indicate that at higher Re, the drainage is so quicker

than the at lower Re. Re =puﬂ where p is the thin-film

surfactant foam interface density, U is the velocity, L is the
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characteristic length, and u is the viscosity. p, L, i is constant;
thus, increasing Re increases the velocity of the thin film
surfactant foam. The implication suggests that at higher Re, the
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thin film surfactant foam drains faster. Thus, vise-versa is true
if we look at Re = 0.01;0.1; 1.

D. Volumetric Flux Profile

Fig. 4 indicate that at higher Re, the volumetric flux falls so
quicker than the at lower Re. The observation is similar to those
made in Figure 3. The volumetric flow rate is higher when Re
is high and lower when Re is low. Figure 3 and Figure 4 suggest
that at higher Re the surfactant drainage is faster and the fuel
spill explodes.

In the beginning, a constant surfactant concentration where
viscous forces is dominant show the film thinning very fast.
Due to the flow of liquid and surfactant into the shock regions,
a gradient in the surfactant concentration arises, ultimately
stopping the thinning. Due to inertial effects, an equilibrium is
not immediately reached. Still, the thin film shows an
oscillatory behaviour in which liquid alternatively flows back
into the thin film and out again until a quasi-equilibrium state is
reached.

V. CONCLUSION

The estimation of the depletion of surfactant-fuel thin-film
foam is an enormous task that has elicited many pieces of
research. The chapter tries to estimate the distance before
depletion of surfactant-fuel thin-film foam. We varied Re to
show that given different interface Reynolds numbers (inertial
forces to viscous forces), the surfactant-fuel thin-film foam will
show different velocity profiles.

The simulation of the study has shown that for Re =
0.01,0.1,1, the velocity profile stabilizes after ~ 0.5 and the
flow continues. Surfactant-fuel thin-film foam with Re = 1 has
the maximum and minimum velocities are less than that of
Re = 0.01&0.1. Re = 10, the velocity profile stabilizes after ~
0.8, and the maximum and minimum velocities are greater than
the previous values of Re. The higher Re that is, at Re > 1, the
surfactant-fuel thin-film is depleted fasted than Re <« 1. Thus,
to suppress the gas vapors and control the fire incidences, Re #
> 1. Future studies in the area need to consider the effect of
variation in temperature, velocity, besides Reynolds number, in
determining the lifetime of a surfactant-fuel thin foam.
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