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Abstract— In this research, a mathematical model was developed to study the generation of carbon dioxide using oxygen diffusion as a method 

in bioremediation of petroleum contaminated soils at 100cm depth. The predictability of carbon dioxide concentration by the model was tested 

in three types of soils: sandy, sandy loam and clay soils, which were polluted with Bonny Light Crude oil and transferred into reactors with 

dimension 20cm x 100cm. The mathematical model in two dimensional flows (x and z) was developed from basic conservative principle and it 

was solved numerically to obtain the final solution. MATLAB 8.5 version (R2015a) was used to simulate the model, predicting carbon dioxide 

concentration along longitudinal and transverse direction of carbon dioxide generation during the bioremediation of petroleum contaminated 

soils at 100cm depth. The results from the model were compared with experimental results and both showed good fit at all data point. Therefore, 

the developed model can be used for predicting the concentration of carbon dioxide produced as a byproduct in bioremediation of petroleum 

contaminated soils.  
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I. INTRODUCTION  

Bioremediation is a process that offers the possibilities to destroy or render various contaminants harmless, using natural 

biological activities (Vidali, 2001). Bioremediation involves three principal approaches namely, natural attenuation, bio-

stimulation and bio-augmentation (Chikere et al., 2009a). For effective bioremediation to take place in soil, there must be 

sufficient nutrient and oxygen concentration in soil to enhance the activities of microorganism (Umeda et al., 2017). Nutrients are 

easily assimilated by soil microorganisms in soil pollution with crude oil, thus reducing the nutrient reserves (Rahman et al., 

2002). Petroleum biodegradation is highly dependent on environmental conditions and on the chemical structure of the pollutant 

compounds (Swannell et al., 1996; Aldrett et al., 1997). The rates of degradation and the quality of hydrocarbon eliminated also 

depend on the type and amount of hydrocarbon present at the contaminant site (Del Arco & de Franca, 2001). Components that 

are low in molecular weight such as the aliphatic hydrocarbons tend to be degraded first, leaving behind the much larger 

molecules (aromatic hydrocarbon) which take much longer to break down. The lighter carbon components of the crude oil are 

also less viscous and can easily degrade and become volatile when acted upon by weather and environmental elements. This trend 

indicates the presence of biodegradation by microbial bacteria which cannot break down the larger oil compounds left after the 

initial phases of degradation (Ezra et al., 2000). Hydrocarbons from crude oil are substrates for microorganisms, hence, when an 

accidental oil spill occurs, the number of hydrocarbon degrading microorganisms in the ecosystem increases. The speed and 

efficiency of bioremediation of soil contaminated with petroleum and petroleum products depend on the number of hydrocarbon-

degrading microorganisms in the soil. The most important factors for population growth are temperature, oxygen, pH, content of 

nitrogen and phosphorus, hydrocarbon class and their effective concentration. Also, the degree and rate of biodegradation are 

influenced by the type of soil in which the process occurs (Van hmm et al., 2003). 

Because oxygen played important role in biodegradation of hydrocarbon in soil, it is imperative therefore, to study the 

diffusion of oxygen in soil polluted by hydrocarbon content. Previous studies have demonstrated the usefulness of mathematical 

model in the study of gaseous diffusion in soil (Jose et al., 2015). Though, some of these models deviated from reality owning to 

soil heterogeneous properties such as texture and structure of the porous media (Obando, 2003). However, approximate prediction 

of gas diffusion into soil can be made through the application of the Fick's laws, by accurately accounting for the factors relating 

to the characteristics of the pore matrix like the diffusion coefficient (Moldrup et al. 2013). Hence, when the coefficient of the 

diffusing gas is precisely predicted, oxygen diffusion can as well be accurately predicted, although, the coefficient may be 

different for different soil (Abdulsalam, 2012). Thus, in this study, the diffusion of oxygen in sandy, sandy loam and clay soils 

polluted with hydrocarbon was studied to determine the concentration of carbon dioxide produced during bioremediation of 

petroleum contaminated soils using a mathematical model. 

II. DEVELOPMENT OF MATHEMATICAL MODEL 

Mathematical model for oxygen diffusion through petroleum contaminated soils in two dimensional flows (x and z) was 

developed from basic conservative principle as shown below. 
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Figure 1a: Hypothetical control volume showing the diffusion of oxygen in soil 

 

Considering the conservation of Species ‘A’ including production of A by chemical reaction within the volume, the general 

relation for mass balance of component A for the control volume is stated as: 
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Defining individual terms in equation (1) and deriving from basic conservative principle, we obtain the following. The net rate 

of mass efflux from the control volume could be evaluated by considering the mass transferred across control surfaces. Hence, the 

mass of component A transferred across the area can be expressed as: 

∆y∆z at x will be xzyVAxA /                   (2) 

That is xzynAx / . 

The net rate of mass efflux of component A in the x-direction will be: 

 xAxxxAx zynzyn //            (3) 

Similarly in the y - direction: yzynyyzyn AyAy //       (4) 
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Rate of accumulation of volume A with control = zyx
t

A 



    (6) 

Rate of reaction by chemical reaction = zyxrA        (7) 

Substituting equations (2) through (7) into equation (1), we obtained:  
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Equation (10) is the continuity equation for component A, and Ax , Ay  and  Az  are the rectangular components of the 

mass flux vector. Therefore, equation (10) may be written 
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Similarly, the continuity equation for component B can be expressed in the same manner as:
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Adding equations (11) and (13), we obtained: 
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Equation (15) represents the continuity equation for the mixture. Thus, writing equation (15) in substantial derivative gives: 
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Molar equivalent of equations (11) and (13) are given as:  

For component A: 
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Equation (22) describes concentration problems within a diffusing system. This equation is relatively unwieldy. These 

equations can be simplified by making restrictive assumptions. 

Assumptions: 

If the density ρ  and DAB are constant 
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The solution to equation (24) was solved numerically using the finite difference approximation (FDA) in the explicit scheme. 

Thus, resolving the resulting partial differential equation numerically and neglecting the flow of oxygen in y-direction, we obtain 

the following. 
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The diffusion of oxygen in y-direction is minimal because of the driving force in the z direction, so the diffusion of oxygen in 

the y direction is insignificant. Hence, substituting equation (25) through equation (28) into (24) yields: 
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For uniform grids zx  , therefore, equation (29) becomes: 
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Collection of like terms          
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Also, the reaction term 
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Substituting equation (32) into (30) gives 
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Equation (33) is a numerical solution in two dimensional flows (x and z) to the model in the explicit scheme and it is the 

model for predicting the concentration of carbon dioxide produced with time and depth along the reactor.  

Where C- initial oxygen concentration, D-diffusion coefficient of oxygen in the soil, Y- yield conversion constant, Um - maximum 

specific growth rate, KS – substrate saturation constant, Z- distance, t – time.  

The initial and boundary conditions 

At t = 0                 

At t                    0 

At t                   ∞ 

III. CALCULATION ALGORITHM 

The algorithm for implementation of the model solution is shown in Figure 1b as follows. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1b: Flow Algorithm for Predicting the Concentration of Carbon Dioxide Produced 
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IV. RESULTS AND DISCUSSION 

The simulated model results of concentration of carbon dioxide produced through the soil matrix is shown in surface plots. 

The experimental analyses of oxygen diffusion coefficient and velocities showed variation in the different soils (Umeda et al., 

2018). Thus, the rate of carbon dioxide production in the soil types differs. Therefore, for sandy soil, the predicted concentration 

of carbon dioxide is shown in Figures 2 to 4. Similarly, the predicted concentration of carbon dioxide produced through sandy 

loam soil is shown in Figures 5 to 7, while Figures 8 to 10 shows the predicted concentration of carbon dioxide generating 

through clay soil over the investigative periods. In Figures 11 to 13, measured and predicted concentration of carbon dioxide 

produced were compared in the respective soils, while in Figure 14 comparison of carbon dioxide generated was made between 

the different soil media.   

4.1. Surface Plot of Carbon Dioxide Produced in the Soils 

 
Figure 2: Concentration of Carbon Dioxide Produced in Sandy Soil (2 Weeks) 

 

 
Figure 3: Concentration of Carbon Dioxide produced in Sandy Soil (4 Weeks) 

 

 
Figure 4: Concentration of Carbon Dioxide Produced in Sandy Soil (6 Weeks) 
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Figure 5: Concentration of Carbon Dioxide Produced in Sandy Loam Soil (2 Weeks) 

 

 
Figure 6: Concentration of Carbon Dioxide Produced in Sandy Loam Soil (4 Weeks) 

 

 
Figure 7: Concentration of Carbon Dioxide Produced in Sandy Loam Soil (6 Weeks) 
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Figure 8: Concentration of Carbon Dioxide Produced in Clay Soil (2 Weeks) 

 

 
Figure 9: Concentration of Carbon Dioxide Produced in Clay Soil (4 Weeks) 

 
Figure 10: Concentration of Carbon Dioxide Produced in Clay Soil (6 Weeks) 

 

Figure 2 through Figure 10 showed the surface plots of carbon dioxide concentration produced in x and z direction in Sandy, 

Sandy loam and Clay soils. The different colour as indicated in the graph showed the variations in concentration of the carbon 

dioxide as it evolved in x and z direction. The graph also indicated that the concentration of carbon dioxide produced increased 

with depth and time in x and z direction. The model results followed the same trends as obtained from the experiment, which 

implied that the developed model predicted the experimental results reasonably well.  

4.2.  Comparison between Experimental and Model Predictive Data for Carbon dioxide Concentration 

The basis for comparison of the experimental and model data was to show the fitness of the data at all data point and the trend 

obtained from the experimental and predictive model results. 
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Figure 11:Comparison between Experimental and Model Predictive Data for Sandy Soils 

 

 
Figure 12: Comparison between Experimental and Model Predictive Data for Sandy Loam Soil 

 

 
Figure 13: Comparison between Experimental and Model Predictive Data for Clay Soil 

 

Figure 11 through Figure 13 indicated that the model gives very good fit of experimental data at all data points with an error 

of 0.09%, 0.08% and 0.05% for Sandy Soils, Sandy Loam Soil and Clay Soil respectively. Also, it showed that the results of the 

experimental and model followed the same trend. It was also noted that the rate of carbon dioxide production during the early 

stages after injection of oxygen into the reactor was slow, but increased rapidly as time progresses, and this was equally 

interpreted by the model as shown in the Figures. 

4.3. Comparison of Carbon Dioxide Produced in Sandy Soils, Sandy Loam and Clay Soils 
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Figure 14: Comparison of Results of Carbon Dioxide Production 

 

Figure 14 shows the graph of Carbon dioxide produced in sandy, sandy loam and clay soils. The results revealed that the 

production of carbon dioxide is highly appreciable in clay soil compared to sandy and sandy loam soils.  This may be as a result 

of the particle size, surface area, and porosity of the soils. 

4.4. Comparison of Results of Oxygen Diffusion and Carbon dioxide Produced in the Soils 

 
Figure 15:Comparison of Results of Oxygen Diffusion and Carbon Dioxide Produced in Sandy Soils 

 

 
Figure 16. Comparison of Results of Oxygen Diffusion and Carbon Dioxide Produced in Sandy Loam Soils 
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Figure 17: Comparison of  Results of Oxygen Diffusion and Carbon Dioxide Produced in Clay Soils 

 

Figures 15 – 17 show the graphs of Oxygen diffusion and Carbon dioxide produced in Sandy, Sandy loam and Clay soils 

respectively. The graphs revealed that, the Oxygen concentration in the soils deceased with time as it diffused through the soils 

while the concentration of carbon dioxide produced in the soils increased with time as the bioremediation process progressed. 

This implied that, the bioremediation process was effective and successful because the carbon dioxide produced is a byproduct of 

a successful bioremediation process (Ayotamuno, et al., 2006). 

V. CONCLUSION 

Considering the results shown in this study, it become necessary to conclude that the developed mathematical model can be 

used for the prediction of carbon dioxide concentration generated or produced in two dimensional flows, for bioremediation of 

petroleum contaminated soils at 100cm depth at any given time.  
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