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Abstract— Structural design inherently includes many sources of uncertainty including loading and load-carrying parameters. P-Delta effects
can have a detrimental impact on the seismic response of RC bridge columns. Caltrans SDC provides a procedure that can be used to evaluate
whether P-Delta effects can be neglected in design. This research intends to study the impact of the material uncertainties on the structural
response of an RC bridge column. Monte Carlo simulation is performed on an RC bridge column which complies with the Caltrans SDC
requirements for neglecting the P-Delta effects. The material properties are considered as random variables with bias factors and coefficients of
variation obtained from literature review. The correlation coefficient matrix for random variables is computed, and variables with the most
impact on ductility of the column are identified. The maximum ductility obtained from Monte Carlo simulation is compared with the target
design ductility provided by the Caltrans SDC.
Keywords— Monte Carlo simulation, Nonlinear time-history analysis, Epistemic uncertainties, Neglecting the P-Delta effects, Caltrans SDC.

I.

INTRODUCTION

Structural design inherently includes many sources of
uncertainty [1]. The parameters of loading and load-carrying
capacities of structural elements are random variables with
significant coefficients of variation, which can increase the
probability of undesired response; thus, zero probability of
undesired response is not achievable [2]. Therefore, structures
must be designed to serve their function with an acceptable
Reliability. Obtaining closed form solution for complex
problems, such as complicated nonlinear finite element
models are either not possible or extremely difficult. The
Monte Carlo method is used to solve probabilistic problems
involving complicated models [2], [3].
P-Delta effects can have a detrimental impact on the
seismic response of bridges because of a reduction in both the
shear capacity and initial stiffness of RC bridge columns [4],
[5], [6]. If P-Delta effects are not properly addressed in the
design, it might trigger instability. The reduction in the initial
stiffness imposes an increase in the natural period of the
system, and a likely surge in the design displacement demand.
OpenSees [7] structural analysis program is incorporated to
perform nonlinear static and dynamic analysis with inclusion
of the P-Delta effects.
II.

BACKGROUND

In the field of structural engineering aleatory and epistemic
sources create uncertainty in the structural response [8]. The
aleatory uncertainty represents the unpredictability caused by
the random nature of ground motions. The main contributor to
the aleatory uncertainties is variability in fundamental
characteristics of the earthquake record such as intensity,
frequency content, and duration. Epistemic uncertainties
(originating from the Latin episteme, meaning knowledge) are
caused by the inability to incorporate all factors contributing
to lateral strength and stiffness in the structural model [9].
Some of the main contributing factors to epistemic uncertainty

include: (1) Post-elastic behavior; (2) Estimation of material
properties; (3) Degradation of strength and stiffness after
several loading cycles; (4) Interaction between vertical loads
and lateral drifts; (5) Soil-structure interaction; (6) Initial
imperfections and residual stresses.
The Caltrans Seismic Design Criteria (SDC) [10] provides
the minimum requirements for seismic design of ordinary
bridges. These requirements ensure that the bridge will meet
the performance goals of the design. Caltrans SDC controls
the P-Delta effects using a conservative limit for lateral
displacements due to axial load. This goal is met by limiting
the ductility demands on structural components.
(1)
P×Δr≤0.2 Mpcol
Where, Δr is the lateral offset between the point of contraflexure and the base of the plastic hinge, and Mpcol is the
idealized plastic moment capacity of a column calculated by
M-φ analysis. In cases which equation (1) is not satisfied it is
required to perform a nonlinear time history analysis to study
the P-Delta effects on the column.
III.

METHOD

The intention of this research is to study the impact of the
epistemic uncertainties on the reliability of reaching desirable
levels of damage for a column which is designed according to
the Caltrans SDC method to compensate for the negative
impacts of the P-Delta effects on the structural response. In
order to accomplish this goal Monte Carlo simulation has been
incorporated. In this research an RC bridge column which
complies with the Caltrans SDC criterion for neglecting the PDelta effects is studied. Authors of this paper in their previous
works focused on the aleatory uncertainties [11], [12]. This
research extends the previous works by incorporating
epistemic uncertainties caucused by material uncertainty.
A. General Column Properties
Table I shows the general properties for the material and
the geometry of the columns subjected to this study. The
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material properties required to define the reinforcing rebar and
the concrete are as following.
TABLE I. Column material properties
SI units
Concrete Strength, f’c
37MPa
yield Strength, fy
413 MPa
Reinforcement ratio
2%
Modulus of elasticity, Es
2×105 MPa
0.0015
yield strain, y
Column diameter, L
1.21 m
Axial load
1730.35 kn
Column Height
9.75 m
Cover concrete
5 cm

Imperial units
5.38 ksi
60 ksi
2%
29000 ksi
0.0015
4 ft
389 kips
32 ft
2 in

B. Finite Element Model
Throughout this research nonlinear pushover and time
history analyses were performed using the open source objectoriented nonlinear structural analysis program, Open System
for Earthquake Engineering Simulation (OpenSees) [13].
OpenSees has been successfully used by other researchers in
investigating the nonlinear load-deformation response of RC
bridge columns. The circular cross-section was represented by
a fiber-based model which was originally developed by
Taucer et al. [14] and has been implemented in OpenSees by
Scott and Fenves [15]. The cross-section was subdivided in
fibers and assigned uniaxial stress-strain laws available in
OpenSees to describe the response of the cover and core
concrete.
C. Material Uncertainties
Probabilistic analysis requires that all of the variables are
assigned a given bias factor, coefficient of variation, and
probability density function. Bias factor is a function of the
mean and the nominal value of the variable as defined in
(2)
Where, µ is the mean and N is the nominal value for the
variable. The bias factor and coefficient of variation associated
with the compressive strength and strain of normal-weight
concrete is presented in Table II.

factors and coefficient of variation column width is presented
in Table IV.
TABLE IV. Parameters of random variables of dimensions
Variable
Distribution
Bias factor
Column width and breadth
Normal
1.005

𝛺
.04

D. Ground Motion Record
The ground motion record is selected from Pacific
Earthquake Engineering Research Center (PEER-NGA)
database. Fig. 1 shows the acceleration versus time for the
ground motion record.

Fig 1. Applied earthquake record

Table V shows the characteristics of the ground motion
record.

EQ ID
12011

TABLE V. Earthquake record properties
Earthquake
PGAmax
(g)
M
Year
Name
6.7
1994
Northridge
0.52

PGVmax
(cm/s.)
63

E. Scaling the Earthquake Records to the Target Ductility
The earthquake record was amplified such that the
columns reach to the target ductility of four with neglecting
the P-Delta effects (Fig. 2).

TABLE II. Parameters of random variables for concrete
Variable
Distribution
Bias factor
𝛺
εco
Normal
1.05
.02
εcu
Normal
1.05
.02
f’c
Normal
1.24
.15

The bias factors and coefficient of variation for the
reinforcement bar parameters are presented in Table III.
TABLE III. Parameters of random variables of steel
Variable
Distribution
Bias factor
Ab
Normal
1.00
εsu
Normal
1.05
Es
Normal
1.00
fy (#11)
Normal
1.14

𝛺
.015
.02
.033
.035

Fabrication factor represents the variation in dimensions
and geometry of the considered structural elements. The bias

Fig. 2. Scaling earthquake record to the target ductility of four

F. Perform Nonlinear Time History Analysis
Open System for Earthquake Engineering Simulation
(OpenSees) [8] is used to investigate the nonlinear loaddeformation response of RC bridge columns. The circular
cross-section was represented by a fiber-based model and the
concrete cover and core sections were modeled with the
24
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―Concrete07‖ uniaxial concrete material class. The procedure
to perform Monte Carlo simulation is as following.
1) Generate a set of random values for the material
parameters using the bias factor and the coefficient of
variation.
2) Apply the scaled earthquake record and obtain the loaddeformation data (with P-Delta).
3) Compute the maximum displacement and corresponding
ductility level.
4) Repeat step 1 to step 3 for predefined number of iterations
5) Compare the obtained ductility from the analysis with PDelta and the Target Ductility of four.
IV.

shows the structural response for the scaled earthquake record.
This goal is achieved using an iterative algorithm in
OpenSees.

RESULTS

A. Control the Caltrans SDC Criterion for Neglecting the PDelta effects
Caltrans SDC states that if the ratio of bending moment
induced by P-Delta effects to the idealized plastic moment is
less the twenty percent, P-Delta effects can be neglected, and
provides predefined displacement ductility demands to design
structural components. Fig. 3 shows moment-curvature and
load-displacement curves obtained from pushover analysis. In
this analysis the P-Delta effects are neglected.

Fig. 4. Scaling the earthquake record to target ductility

C. Performing Nonlinear Time-History Analysis with
Inclusion of the P-Delta Effects
Fig. 5 shows the nonlinear time-history analysis for the
column with material properties presented in Table I. this
nonlinear time-history analysis can be considered as a bench
mark for the Monte Carlo simulations performed later.

Fig. 3. Moment-curvature and load-displacement curves

Table VI presents the results of pushover analysis, and
checks the Caltrans SDC criteria for neglecting the P-Delta
effects. This column satisfies the Caltrans requirements for
neglecting the P-Delta effects.
TABLE VI. Column pushover analysis
SI units
Imperial units
Yielding displacement
12.83 cm
5.05 in
Yielding load
561.85 kn
126.31 kips
Yielding Moment
5160.02 kn.m
45670 Kip.in
Ultimate Load
685.60 kn
154.13 kips
Ultimate displacement
160.45 cm
63.17 in
Ultimate Ductility
12.51
12.51
Load at ductility 4
594.15 kn
133.57 kips
P-Delta induced moment
888.51 kn.m
Kip.in

Ignore P-Delta

0.17

0.17

OK

OK

B. Scaling the Earthquake Motion
The earthquake records were amplified to reach the target
ductility of four with neglecting the P-Delta effects. Fig. 4

Fig. 5. Nonlinear time-history analysis

D. Monte Carlo Simulation
Monte Carlo simulation was implemented in this research
to study the effects of epistemic uncertainties with an
emphasis on material properties. A combination of two
hundred random values for the material properties were
generated per the bias factors and coefficients of variation
found in the literature review presented in the background
section. Nonlinear time history analyses was performed using
the scaled earthquake record on all combinations of the
random variables which representing the epistemic
uncertainties on a column designed according to the Caltrans
SDC to mitigate the negative impacts of the P-Delta effects on
the seismic response of an RC bridge column. Table VII
presents the material properties for the first four iterations of
the Monte Carlo simulations.
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TABLE VII. Random Variables (first four iterations)
Itr-I
Itr-II
Itr-III
ksi
3.77
5.60
5.64
Concrete
strength, f’c
Mpa
25.99
38.61
38.88
Concrete,
2.47E-03
2.52E-03
2.53E-03
εco
Rebar
ksi
62.40
62.64
57.91
yielding
Mpa
430.23
431.88
399.27
stress fy
Modulus of
ksi
2.91E04
2.82E04
2.80E04
elasticity,
Mpa
2.01E+5
1.95E+5
1.93E+5
Es
Rebar, εsu
1.99E-01
2.02E-01
2.01E-01
Hardening
6.04E-03
6.02E-03
5.81E-03
strain
2
in
1.56
1.57
1.60
Bar Area
cm2
10.06
10.12
10.32
ft
4.12
4.08
4.30
Column
Diameter
m
1.25
1.24
1.31
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Itr-IV
4.79
33.02
2.49E-03
57.77
398.31
2.98E04
2.06E+5
1.98E-01
5.98E-03
1.55
9.99
4.18
1.27

Fig. 6 shows the first four nonlinear time-history analyses
with random parameters presented in Table VII.

Fig. 7. Histogram plot
TABLE VIII. Summary of statistical analysis
Quantiles
Summary Statistics
100%(max)
5.44
Mean
99.5%
5.44
Std Dev
97.5%
5.33
Std Err Mean
90%
5.28
Upper 95% Mean
75%(quartile)
5.19
lower 95% Mean
50%(median)
4.87
N
25%(quartile)
4.18
10%
3.92
2.5%
3.71
0.5%
3.60
0%(min)
3.60

Fig. 6. First four Monte Carlo simulations

E. Distribution of Ductility with P-Delta Effects
Fig. 7 presents the histogram for maximum displacement
ductility with P-Delta effects. Weibull distribution with
parameters of (a=4.94, b=11.48) best fitted the results.
Quantiles of the observed data are presented in Table VIII,
and can be used to find the probability of desired response.
For instance only 10 percent of columns reached to ductility
3.92 or less.

4.71
0.52
0.03
4.78
4.63
200

Table IX presents the results of hypothesis testing on the
mean using the t test. Hypothesized value for the mean was
four which is recommended design target ductility by the
Caltrans SDC for single column bents supported on fixed
foundation. The p-value for the two-sided and one sided tests
are provided in Table IX. The null and alternative hypotheses
for one sided testing are as following.
The average maximum ductility is 4
H0: µ=4
The average maximum ductility is above 4
Ha: µ>4
At the a= 0.05 level, since p = 0.0001< 0.05, the null
hypothesis is rejected and the alternative hypothesis is
accepted which means we have evidence to show that the
average maximum ductility with inclusion of the P-Delta
effects is above 4.
TABLE IX. Summary of statistical analysis
Test mean
t Test
Hypothesized value
4
Test statistics
Actual estimator
4.71
Prob>|t|
DF
199
Prob>t
Std Dev
0.52
Prob<t

19.05
<0001*
<0001*
1.000

F. Multi-Variate Correlation
Fig. 8 shows the top three variables which have the highest
correlations with the maximum ductility with P-Delta effects.
The inside of the ellipses approximately enclose 95% of the
data points. The strongest linear correlation was found
between concrete strength and ductility with P-Delta effects.
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V.

Fig. 8. Multi-variate correlations

The matrix of correlation coefficients are presented in
Table X. this table shows the strength of linear relationship
between each pair of variables.

Var-I
Var-II
Var-III
Var-IV

TABLE X. Correlation coefficient matrix
Var-I
Var-II
Var-III
1.00
0.92
-0.17
0.92
1.00
0.01
-0.17
0.01
1.00
-0.12
-0.05
0.01

Var-IV
-0.12
-0.05
0.01
1.00

Where Var-I is ductility with P-Delta effects, and Var-II is
concrete strength, f’c, and Var-III is rebar yielding stress, and
Var-IV is modulus of elasticity of the rebar. The strong
correlation coefficient of 0.92 between ductility with P-Delta
effects and concrete strength indicates an almost linear
relationship among these two variables. Fig. 9 shows ductility
with P-Delta versus concrete strength for all 200 iterations of
the Monte Carlo simulations. The black line in the figure
shows the linear regression among two variables. Linear
regression was chosen because of the high correlation
coefficient between two variables.

In this research the effects of epistemic uncertainties on the
structural response of a RC bridge column was studied. Monte
Carlo simulation was implemented in OpenSees to perform
nonlinear time history analysis with material properties
considered as random variables with bias factors and
coefficients of variation found in the literature. The correlation
between variables was studied and the coefficient correlation
matrix for these variables was calculated.
It was concluded that the column subjected to this research
which satisfied the Caltrans SDC requirements for neglecting
the P-Delta effects was reaching higher displacement ductility
than the target ductility when the material uncertainties is
considered in nonlinear time history analysis.
In this research, only one earthquake record was used
which eliminates the impact of the random nature of
earthquake loading (aleatory uncertainties). For future work it
is recommended to simultaneously study the combined effects
of the aleatory and epistemic uncertainties on RC bridge
columns designed according to the Caltrans SDC. In order to
achieve this goal a group of earthquake records should be
used.
This research was focused on neglecting the P-Delta
effects limit state. Collapse prevention limit state is also of
main concern in studying the impacts of the P-Delta effects on
RC bridge columns. The scope of this work can be extended
by looking at collapse prevention. Incremental Dynamic
Analysis can be incorporated in detecting the collapse point of
columns.
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