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Abstract— In this paper, we introduced the generalized Hyers-Ulam Stability of Cubic functional equation of the form
g (nx+n2y+2n3z) +0 (nx+n2y—n32) =29 (nx+n2y) +4 [g (nx—n3z)+g (nx—n32)+g (n2y+n32)+g (n2y—n32)}— 8n3g (x)— 8n69 (y)

Where nel] .Further, we have investigated the general solution and generalized Hyers-Ulam for the afforested defined functional equation
using direct and fixed point method in Banach space consequence with the above given said in detail.
MSC: 39B79, 32B72, 32B82

Keywords— Cubic functional equation, Banach space, fixed point.

I.  INTRODUCTION
In 1940, S.M.Ulam [22] proposed the following question concerning the stability of group homomorphism:
Let G1 be a group and let G, be a metric group with the d ( ) . Given ¢ > 0, does there exists a & > 0 such that if a mapping

h:Gl—>G2 satisfies the inequality d(h(x,y),h(x)*h(y))<d for all X,y €G, then there exists a homomorphism

H:G, -G, with d (h(x),H(x)) <e for all x € G, in other words, under

what condition does there exists a homomorphism near an approximate homomorphism the concept of stability for functional
equation arises when we replace the functional equation by an inequality which acts as a perturbation of the equation. In 1941,
D.H.Hyers [9] gave a first affirmative answer to the question of Ulam [22] for Banach spaces.

In this paper, the authors investigate generalized Hyers-Ulam Stability of Cubic functional equation of the form

g (nx+n2y+2n3z) +g (nx+n2y—n3z) =2g (nx+n2y) + 4[9(nx—n3z)+g(nx—n3z)+g(n2y+n3z)+g (n2y—n3z)]

(1.0)
~8n’g(x)-8n’g (y)
K.W.Jun and H.M.Kim [23] introduced the following cubic functional equation
f(2x+y)+ f(2x—y) =2[f(x+y)+ f (x—y)]+12f () (1.1)
X,y € X, where f is a mapping from a real vector space X into a real vector space Y. They established the general solution and
3

the generalized Hyers-Ulam-Rassias [14,15,16,17,18,19] stability for the functional equation (1.1), the function f(x)=x

satisfies the functional equation (1.1) which is the thus called a cubic functional equation. Every solution of a functional equation
is said to be a cubic function. Jun and Kim proved that the mapping f from real vector space X and Y is solution of (1.11) if and
only if there exists a unique function C: X x X x X —Y such that f (x) =C(x,x,x) forall xe X and C is symmetric for one

variable an additive for fixed two variables.

Il.  STABILITY OF (1.0)

For completeness we will first investigate solutions of the functional equation (1.1) Let x and y be a real vector space.
Theorem 2.1. A function g:x — y satisfies the functional equation (1.0) if and only if g:x — y also satisfies the functional

equation (1.1)

Proof: substituting (x,y) by (0,0) in (1.0) yields g(0)=0. Putting (X,y) in (1.0) that

9(—x) =-9(x) 21)
for all x e X, which implies that g is odd. Again setting (x,y) by (x,0) in (1,0), we obtain g(2x) =8g(x) and replacing (x,y) by
(x,x) in 1.0, that g(3x) =27g(x) forall x € X . We substitute (x,y) by (nx,nx+n®y) in (1.0), that

g (2nx+ nx + n2y)+ g (2nx— (nx + n2y)) =2g (nx+ X + n2y)+ 29 (nx— (nx + n2y))+12f (nx)

g (Snx + n2y) +g (nx - n2y)> =2g (an + n2y)+ 29 (—nzy)) +12g (nx)

g <3nx + n2y> +q (nx - n2y) =2g (2nx + n2y) -29 (n2y> +12g (nx) (2.2)
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forall x,y e X . Again replacing (x,y) by (nx,nx—nzy) in (1.0), we get
g(2nx+nx—n2y)+ g(2nx—(nx—n2y)) =2g (nx+nx—n2y)+29 (nx—(nx—nzy)>+12f (nx)
g(Snx—nzy)Jr g(nx—nzy) =2g (an—nzy)+29 (—nzy)+12f (nx) (2.3)
forall x,y e X . Adding (2.2) and (2.3) and than using (1.0), we see that
g(3nx+n2y)+g(nx—nzy)+g(3nx—n2y)+g(nx+n2y):Zg (2nx+n2y)—29 (nzy)+1Zg (nx)
2 2 2

y ]+ ag(3nx—n"y |+ g(nx+n“y |+ g|nx—n y) (2nx+n y)—Zg(an—n y)
3nx—n

2 2
3nx—n<y y)+g(nx=n y):4g(nx+n y)+4g(nx n y)+24f(nx)+24f(nx)

(
(
(
g(Snx+n2y +g(3nx n2y :4g(nx+n )+4 (nx—n y)—g(nx+n2y)—g(nx—n2y)+48f(nx)
f
(
(

(
Jofam=n?y)- g menly)+of
g 3nx+n2y)+g( 2y)+g (nx+n2y) + g (x-n?y) = [29(2nx+n y)+29(nx n y)+12f(nx)]+24f(nx)
J sy} +gfncin?y)+of
) ) ’

g 3nx+n2y)+g(3nx—n y):3g(nx+n y)+39(nx—n2y)+48f(nx) (2.4)

g (4nx + 2n2y) +g <2nx + 4n2y) =3g(2nx) +3g (2n2y) +48g (nx + n2y)
for all x,y e X . Which in view of the identity g(2x) =8g(x), reduces to

g (4nx + 2n2y) +0 (2nx + 4n2y) =30.80 (nx) +39.89 (nzy) +48¢g (nx + nzy)

80 (an + n2y) +84g (nx + 2n2y) =249 (nx) + 249 (nzy) + 489 (nx + nzy)
for all x,y e X .Using the resultant of this result ,we lead to

g (2nx + n2y) +0 (nx + 2n2y) =39 (nx) +30 (nzy) + 69 (nx + n2y) (2.5)
forall x,y e X . Replacing (x,y) by (nx+3n2y,nx—3n2y) in (2.5), we arrive

g (Z(nx + 3n2y),nx —3n2y) +0 (nx + 3n2y +2(nx —3n2y)) =39 (nx + 3n2y)+ nx —3n2y +3¢ (nx—3n2y) +6g (nx + 3n2y)

g (2nx + 6n2y + NX —3n2y) +0 (nx +3n2y +2nx — 6n2y) =39 (nx + 3n2y) +30 (nx—3n2y) + 69 (nx)

279 (nx + nzy) + 279 (nx—nzy) =3¢ (nx + 3n2y) +30 (nx—3n2y) + 489 (nx)
for all x,y e X .Using the identity of this result ,rearranging we arrive that

99 (nx+ nzy)+99 (nx—nzy) =g (nx+3n2y)+ g (nx—3n2y)+16g (nx) (2.6)
forall x,y e X . Let us interchange nx in n2y and n2y in nx in (2.6) to get the identity, then
99 (nx + n2y)+99 (nzy—nx) =g (3nx+ n2y)+ g (nzy—Snx)Jrleg (nzy)

99 (nx + n2y> -9¢g (nx—nzy) =g (3nx + n2y) -g (Snx—nzy) +169g (nzy) 2.7
forall x,y € X . Then, by adding (2.6) and (2.7), we lead to
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99 (nx + nzy) +99g (nx—nzy) +99g (nx+n2y) -9g (nx—nzy) =g (nx + 3n2y) +0 (nx—3n2y) +16g (nx)

+0 (3nx+n2y) -0 (3nx—n2y) +16g (nzy)

189 (nx + n2y) =g (nx + 3n2y) +d (nx—3n2y) +d (3nx+n2y) -g (3nx—n2y) +169g (nx)+16g (nzy) (2.8)
forall x,y € X . Now we interchange nx in n2y and n2y in nx in (2.4), respectively we get

g (3n2y + nx) +g (3n2y—nx) =3g (Snzy + nx) +3g (nzy—nx) +49g (nx)

g (nx + 3n2y) -g (nx—3n2y) =3¢ (nx + n2y) -39 (nx—nzy) +49¢g (nzy) (2.9)
for all x,y e X . Hence according to (2.4) and (2.9), we arrive that

g (an + nZy) +d (Snx—nzy) =3g (nx + nzy) + 39 (nx—nzy) +48g (nx)

g (nx + 3n2y) -0 (nx—3n2y) =39 (nx + n2y) -39 (nx—nzy) +48g (nzy)

g (an + n2y) +d (3nx—n2y) +g (nx+3n2y) -d (nx—3n2y) =69 (nx + n2y) + 489 (nx) +48g (nzy)

69 (nx + n2y) =g (3nx+n2y) +0 (3nx—n2y) +9 (nx+3n2y) -0 (nx—3n2y) —48¢g (nx) —48g (nzy) (2.10)
forall x,y e X . Again by adding (2.8) and (2.10), we get

189 (nx + n2y) =g (nx+3n2y) +4d (nx—3n2y) +d (3nx+n2y) -g (3nx—n2y)+169 (nx)+16g (nzy)

69 (nx + n2y) =g (3nx+n2y) +0 (3nx—n2y) +9 (nx+3n2y) -0 (nx—3n2y) —48¢g (nx) —48g (nzy)

249 (nx+n2y) =2g (nx+3n2y) +29 (3nx+n2y) —-32g(nx)-32g (nzy)

129 (nx+n2y) =g (nx+3n2y) +0 (3nx+n2y) —-16g (nx) —16g (nzy)

g (nx+3n2y) +9 (3nx+n2y) =12¢g (nx+n2y) +16g (nx) +16g (nzy) (2.12)
forall x,y e X . Taking (2.4), we arrive that

g (3nx+n2y) +9 (3nx—n2y) =3g (nx+n2y) +3g (nx—nzy) +48g (nx)

g (3nx+n3z) +g (3nx—n3z) =3¢ (nx+n3z) +3g (nx—n3z) +48g (nx)

g (3n2y+n32) +0 (3n2y—n32) =30 (n2y+n3z) + 39 (nzy—n3z) + 489 (nzy)

g (3nz+n3z) +0 (3nx—n3z) +0 (3n2y+n3z) +0 (Snzy—n3z) =3¢ (nx+n3z) +39g (n2y+n32) +39 (nzy—n3z) +48(nx) + 489 (nzy)
169 (3nz+n3z) +169g (3nx—n3z) +169g (3n2y+n3z) +169g (3n2y—n3z) = 48¢g (nx+n3z) +48¢g (nx—n3z)

+48g (nzy—n?’z) + 48(n2y—n32) +768(nx) + 768g (nzy)

forall x,y e X . Also setting (nx,nzy) by (3nx+n3z,3n2y+n3z) in (2.11), respectively we

g (nx+3n2y) +9 (3nx+n2y) =12¢g (nx+n2y) +16g (nx) +16g (nzy)

g (3nx+n3z+3(3n3y+n32)) +g (3(3nx+n3z)+3n2y+n3z) =129 (3nx+n3z+3n2y+n32) +16g (3nx+n3z) +16g (3n2y+n3z)

g (3nx+n3z+9n2y+3n32) +g (9nx+3n32+3n2y+n32) =129 (3nx+n3z+3n2y+n3z) +169g (3nx+n3z) +169g (3n2y+n3z)

g (3nx+9n2y+4n32) +9 (9nx+3n2y+4n3z) =129 (3nx+3n2y+2n32) +169 (3nx+n32) +169 (3n2y+n32) (2.13)

forall x,y € X . Replacing (nx,nzy) by (3nx—n3z,3n2y—n32) in (2.11) we obtain
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g(3nx n z+3(3n y—n z))+g(3(3nx n z)+3n y—n z) 129(3nx—n3z)+169(3nx—n3z)+169 (3n2y—n3z)

g(3nx n3z+9n2 y-3n z))+g(9nx 3n3z43n2 y—n z) 12g (3nx—n3z+3n2y—n3z)+169 (3nx—n3z)+16g (3n2y—n3z)

(3nx+9n y—4n z))+g(9nx+3n y— 4n32) 129 (3nx+3n2y—2n32)+169(3nx—n3z)+16g(3n2y—n3z)

forall x,y e X . Using (2.13) and (2.14), we get the identity that

g (3nx+9n2y+4n32)) +g (9nx+3n2y+4n3z) +g (3nx+9n2y—4n3z) +g (9nx+3n2y—4n3z)

=12¢g (3nx+3n2y—2n3z) +169 (3nz+n3z) +169g (3n2y+n3z) +12¢g (3nz+3n2y—2n3z) +0 (3nx+9n2y+4n3z))

+0 (9nx+3n2y+4n32) +g (3nx+9n2y—4n32) +169 (3nz—n32) +169 (3n2y—n32)

g (3nx+9n2y+4n3z)) +9 (9nx+3n2y+4n3z) +9 (3nx+9n2y—4n3z) +9 (9nx+3n2y—4n32)

-12g (3nx+3n2y—2n3z) —12g (3nx+3n2y—2n3z) =169 (3nx+n3z) +169g (3n2y+n32) +169g (3n2y—n3z)
forall x,y € X . Using (2.4) that
g (3(3nx+n2y)) +0 (3nx—n2y) =39 (nx+n2y) +39g (nx—nzy) +48g (nx
g (3(3nx+3n2y)+4n3z)+ g (3(3nx+3n2y)—4n3z) =39 (nx+3n2y+4n32 +39g (nx+3n y—4n z)+489 (nx+4n y)

)

)
g(3(3nx+3n2y)+4n3z)+g(3(3nx+3n2y) 4n3z)—39(nx+3n2y+4n z)+3 (nx+3n y—4n z)+489 (nx+3n y)

(

g(3nx+9n2y+4n32)+g(3nx+9n2y—4n32) 3g(nx+3n y+4n z)+39 nx+3n2 y—4n z)+48g (nx+3n y) (2.16)

forall X,y € X . Again using (2.4) respectively, that

g (3(3nx+3n2y)+4n3z) +0 (3(3nx+3n2y)—4n3z) =3¢ (3nx+n2y+4n32) +39g (3nx+n2y—4n3z) +48¢g (3nx+n2y)

g (9nx+3n2y+4n32) +9 (9nx+3n2y—4n3z) =3¢g (3nx+n2y+4n32) +30 (3nx+n2y—4n32) +48¢g (3nx+n2y) (2.17)
forall x,y e X . Adding (2.16) and (2.17), we obtain

g (3nx+9n2y+4n32) +0 (3nx+9n2y—4n3z) +0 (9nx+3n2y+4n3z) +0 (9nx+3n2y—4n3z) =3¢g (nx+3n2y+4n3z)

+39 (nx+3n2y—4n3z) +48¢ (3nx+3n2y)

=39 (nx+3n2y+4n32) +39g (nx+3n2y—4n32) + 489 (3nx+3n2y) +39g (3nx+n2y+4n32)+ 39 (3nx+n2y—4n32)+ 48¢g (3nx+n2y)
forall X,y € X . Then applying (2.18) in (2.15), we arrive
169 (3nx+n3z) +169 (3n2y+n3z) +169 (3nx—cz) +169 (3n2y—n3z) =3g (nx+3n2y+4n3z)
+ 39 (nx+3n2y—4n3z)+ 48¢g (3nx+3n2y) +30 (3nx+n2y+4n32)+ 30 (3nx+n2y—4n32) (2.18)
+ 4849 (3nx+n2y) -129 (3nx+3n2y—2n32) -12¢ (3nx+3n2y—2n3z)
forall x,y € X . From (2.4), we obtain

g (3nx+n2y) +g (3n2x—n3y) =3¢ (nx+n2y) +3g (nx—nzy) +48g (nx)

g (3(nx+n2y)+2n3z) +9 (3(nx+n2y)—2n3z) =30 (nx+n2y+2n3z) +30 (nx+n2y—2n3z) +48g (nx+n2y)

g (3nx+3n2y+2n3z) +9 (3nx+3n2y—2n3z) =39 (nx+n2y+2n3z) +3g (nx+n2y—2n3z) +48¢g (nx+n2y) (2.19)

forall x,y e X . Using (2.19) in (2.18), that

169 (3nx+n32) +169 (3n2y+n3z) +169g (3nx—n3z) +169 (3n2y—n32) =39 (nx+3n2y+4n32)
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+39 (nx+n2y—4n3z) + 489 (nx+3n2y) + 39 (3nx+n2y+4n32)
+3g (3nxen2y-4n%z) + 48g (3nxn?y) 12 [39 (nx+n2y+2n3z) - 3g (nx+n2y-2nSz) + 48 (nx+n2yﬂ
169 (3nx+n3z) +169 (3n2y+n3z) +16g (3nx—n3z) +169 (3n2y—n3z) =3g (nx+3n2y+4n3z)
+3g nx+3n?y-4n3z) + 48g (nx+3n2y ) + 3g (3nxtn2y+4n3z) + 3g (3nx+n?y-an3z) + 48g (3nx+n?y) (2.20)

+ 369 [nx + n2y + 2n32 - 369 (nx+n2y—2n3z) - 5769 (nx+n2y)}
forall x,y e X . Yields, by modifying of (2.12), the relation
30 (nx+3n2y+4n3z) +3¢g (nx+3n2y—4n3z) + 489 (nx+3n2y) +39 (3nx+n2y+4n32) =3¢ (3nx+n2y—4n3z)

+48¢g (3nx+n2y) - 369 (nx+n2y+2n32)—36g (nx+n2y—2n32)

-5769 (nx+n2y) =48g (nx+n32) + 489 (nx—nSZ) + 768(nx) + 489 (nzy—n?’z) + 489 (nzy—n3z) + 7689 (n2y)
39 (nx+3n2y+4n32) +39 (nx+3n2y—4n3z) + 489 (nx+3n2y) +39 (3nx+n2y+4n3z) +39 (3nx+n2y—4n3z) +48g (3nx+n2y)
30 (nx+3n2y+4n3z) +39g (nx+3n2y—4n3z) = 48¢g (3nx+n2y) +48¢g (nx—n3z) +768g (nx) + 489 (n2y+n3z)

+489 (nzy—HSZ) +768¢ (nzy) +369 (nx+n2y+2n3z) +36 (nx+n2y—2n32) +5769 (nx+n2y) (221)

forall x,y € X . The concept of (2.11) and (2.14). the left side of (2.12) can be written in the form

From (2.4)

g (3nx+n2y) +g (3nx n2y) =3¢ (nx+n2y) +3g (nx—nzy) +48g (nx)

g 3(3nx+n y)+2n z) +g (3(3nx+n y)—-2n z)) 39 (3nx+n2y+2n32) +3g (3nx+n2y—2n32) +48g (3nx+n2y)

g 9nx+3n2 y+2n z)+g(9nx+3n y-2n z)) 39 (3nx+n2y+2n3z)+39 (3nx+n2y—2n3z)+489 (3nx+n2y)

3 3

(
(
g(3(nx+3n y)+2n z)+g(3(nx+3n y)-2n z)) 39(nx+3n2y+2n3z)+3g(nx+3n2y—2n3z)+489 (3nx+3n2y)
g(3nx+9n y+2n z)+g(3nx+9n y—-2n z)) 39(nx+3n2y+2n z)+39(nx+3n2y 2N z)+489(nx+3n2y)
(

g 9nx+3n2 y+2n z)+g(9nx+3n y—-2n z))+g(3nx+9n y+2n3z)+g(3nx+9n y-2n z)) 30 (3nx+3n2y+2n3z)
+ 39 (3nx+3n y—2n z)+39(nx+3n y+2n z))+3g(nx+3n y—2n z))+48g (3nx+3n y)+489 (nx+3n2y)

g ((9nx+3n2y)+2n32) +0 (9nx+3n2y—2n32)) +0 (3nx+9n2y+2n3z) +0 (3nx+3n2y—2n3z)) + 48(nx+n2y) +48g (nx+3n2y)

=39 (3nx+3n2y+2n3z) +39g (nx+3n2y—2n3z) +39g (nx+3n2y+2n32)) +39g (nx+3n2y—2n32))

g (9nx+3n2y+2n3z) +d (9nx+3n2y—2n3z)) +0 (3nx+9n2y+2n3z) +0 (3nx+3n2y—2n3z)) —12¢g (3nx+3n2y) -129g (3nx+3n2y)
=39 (nx+3n2y+2n3z) +39g (nx+3n2y—2n3z) +39g (nx+3n2y+2n3z) +39g (nx+3n2y—2n3z) (2.22)
Forall x,y e X . Using (2.22), we get the identity that
169 (3nx+n3z) +169g (3nx—n3z)) +169 (3n2y+n3z) +16g (3n2y—n3z)) =39 (3nx+3n2y+2n3z)

+39 (3nx+n2y—2n3z) +3g (nx+3n2y—2n3z) +39 (nx+3n2y+2n3z) —648¢g (3nx+n2y) (2.23)

+48¢g (3nx+n2y) +48¢g (nx+3n2y)
Forall x,y e X . Replacing z by 2z in (2.23) and than using (2.21), we arrive
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169 (3nx+2n32) +169g (3nx—2n3z)) +169 (3n2y+2n3z) +169g (3n2y—2n3z)) =3¢ (3nx+n2y+4n32)

+3¢g (3nx+n2y—4n3z)+ 39 (nx+3n2y—4n3z) +39g (nx+3n2y+4n3z) —648¢ (nx+n2y)+ 489 (3nx+n2y) +48¢ (nx+3n2y) @29
Forall x,y e X . Again making use of (2.11) and (2.21), we obtain
169 (3nx+2n3z) +169g (3nx—2n32)) +169 (3n2y+2n3z) +169g (3n2y—2n32)) = 48¢ (nx+n3z) + 489 (nx—n3z)

+768g (nz) + 489 (n2y+n3z) + 489 (nzy—n3z) + 7689 (nzy) + 369 (nx+n2y+2n3z) + 369 (nx+n2y—2n3z) (2.25)

+5769 (nx+n2y) - 648(nx+n2y)

Forall x,y e X . Again making use of (2.11) and (2.4), we get

169 (3nx+2n3z) +16g (3nx—2n3z)) +16g (3n2y+2n3z) +16g (3n2y—2n3z) —g (12nx+4n3z) +g (12nx—4n3z) +12g (6nx)
+d (12n2y—4n32) +0 (12n2y—4n3z) -12¢g (6n2y)

= 649 (3nx+n3z) + 649 (3nx-n3z) + 25929 (nX) + 649 (3n2y+n3z) + 64g (3n2y—n2 ) - 25929 (n2y)

= 64(g (3nx+n3z)+g(3nx—n3z)+g (3n2y+n3z)+g(3n2y—n32)) —25929 (nx) — 25929(n2y)

= 64[9(3nx+ n’z)+g(3nx—n’z) +g(3n’*y +nz) + g(3n’y —n3z)] _ 2592¢ (nx) - 25929 (n°y)

=64 [39(nx + n3z) +3g(nx— n3z) +48¢g (nx) + 39(n2y + n3z) + 39(n2y - n3z) + 48(n2y)}— 25929 (nx) — 2592g (n2y) (2.26)
Forall x,y e X . Using (2.26), to reduces that,
169 (3nx+2n3z) +16g (3nx—2n3z) +16g (3n2y+2n3z) +169 (3n2y-n’z) = 1929 (nx+n3z) + 192g (nx—n3z)

+ 4809 (nx) +192g (n2y+ n32)+1929 (nzy— n3z)— 480g(ny) @20
489 (nx+n3z) + 489 (nx—n3z) +768g (nx) + 489 (n2y+n3z) + 489 (nzy—n3z) + 7689 (nzy) + 369 (nx+n2y+2n3z)
+ 369 (nx+n2y—2n3z) +576¢ (nx+n2y) - 678(nx+n2y)
=12g (nx+n3z) +192¢ (nx—n32) +480g (nx) +192g (nzy + ngz) +192¢ (nzy - n3z) +480g (n2y)
369 (nx+n2y+2n3z) + 369 (nx+n2y—n3z) =192¢g (nx+n3z) + 489 (nx+n3z ) +192¢g (nx - n32) —48g (nx—n3z)
+480g (nx) — 7689 (nx) +1929 (n2y+n3z)—489 (n2y+n3z)+1929 (nzy—n3z)—48g (nzy—n3z)
+ 480g(n2y) —768¢ (nzy) + 72(nx+n2y)
369 (nx+n2y+2n32) + 369 (nx+n2y—n3z) =144q (nx+n32) +144q (nx—n3z ) +144¢ (nzy + n3z) +144¢ (nzy—n3z) %
+72(nx+n2y) - 2889 (nx) - 2889 (n?y) )
g (nx+n2y+2n3z) +g (nx+n2y—n3z) =29 (nx+n22) + 49 (nx—n32 ) +4g (nx - n3z) + 49 (n2y+n3z) 208
+4g (nzy—n3z) —-8g(nx)-8g (nzy) &2
forall x,y,z e X . By considering g (nx) = n3g(x) , gives that
g (nx+n2y+2n3z) +g (nx+n2y—n32) =2g (nx+n2y) + 4[9(nx—n3z)+g(nx—n3z)+g(n2y+n3z)+g (n2y—n3z)] —8nag (x)
~8n°(y)
forall x,y,z e X . Which implies that g is cubic.
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Conversely Suppose that g:x — y satisfies the functional equation (1.4). putting X=y=2z=0 in (1.5) yie g(0) =0 setting
X =X X

(X, y,2) by [7,7%
Replacing y=0 in (1.5) and employing the fact that g is odd, we obtain

3 o3, ) _and 3 3
g(2nx+2n°z |+ g 2nx-2n°z | = -6n~g (2x) + 4g [ 2nx+n°z | + 49  2nx—n°z

j in the result we get g(—x) =—g(x) which implies that g is odd.

8¢ (nx+n3z) +8g (nx—n3 ) = —48n3g (x)+4g (2nx+n3z) +4g (2nx—n32)

—X =X X

forall x,y,z e X .And again setting (x, y, z) by [T Ton

J from above identity, we get our desired result of (1.0)

I1l.  STABILITY RESULTS FOR (1.0): DIRECT METHOD
In this, we present the generalized Hyers-Ulam stability of the function (1.5).

ki, Ki, ki
© a(nx,ny,nvz .
Theorem :3.1. Let je{-11} and «: x3 — [0,0) be a function such that kzo o Skjy ) converges in R and

§ a(nij, nkj Y, nka)
k=0 n3K

|IDg(x,y,2)| < @(x,y,z). forall x,y,z e X . There exists cubic mapping c: x — y which satisfies the functional equation (1.5)
and

=0 for all x,y,zeX. Let g:x—y be an odd function satisfying the inequality

4
1 w ,Ol 0
lot-ol= Ly 3 i%# @)

n kzi
2
g nij)
n3kj

Corollary: 3.2. Let x e X and g be a non-negative real numbers. Let g : x — y satisfying the inequality

forall x e X . The mapping c(x) is defined by c(x) = nIi_r)n forall xe X.
o0

A

IDg(x.y.2) <1 2{4%4fyi 412/ (32)
3 3 30\

A I+ e )

forall x,y,z e X . Then there exists a unique cubic mapping c: X — y such that

)
8 nd-1]
AN
lg()—c()| <15 - ; (3.3)
8 n3_nq‘
A
8| [n3_n3d
forall xe X. )

IV. STABILITY RESULTS FOR [1.0]: FIXED POINT METHOD

In this section, we investigate the generalized-Ulam —Hyers stability of the functional equation (1.1) for explicitly later use,
the following theorem.
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Theorem 4.1 (The alternative of fixed point) Suppose that we are given a complete generalized metric space (r,d) and a
strictly contractive mapping T : z —t with Lipchitz constant L. Then for each given x e r, either

d(Tnx,Tn+1x) =oo forall n>0 or there exists a natural number Mo+ such that
). d(Tnx,Tn+1x>£ 0 forall n>0.

ii). The sequence (Tnx) is convergent to a fixed point y* of T;

iii). y* is the unique fixed point of T in the set Az{yer;d(Tnx, y) <oo}.

iv). d(y.y")< 1_1Ld (y,Ty) forall yeA.

Utilising the above mentioned fixed point alternative, we now obtained our main result, i.e)., the generalized Hyers-Ulam stability
of the functional equation (1.5) from now on,
Let x be a real vector space and y be a real given a mapping g : x — Yy, we get

Dg (x, Y, z) =g (nx+ n2y+ 2n3z)+ g (nx+ n2y—2n32)— 29 (nx+ nzy)—4g (nx+n32)—4g (nx—n3z)

—4g (n2y+n32)—4g (nzy—n32)+8n3g(x)+8n69(y)
forall X,y,z€ X . Let y: X x X x X —[0,%0) be a function such that

k k k
| l//(/li X, 4 Y, K Z)
im =0
3k
h—0 7

forall X,y,ze X , where z =2 if i=0and s :% if i=1
Theorem: 4.2. suppose that a function g : x — y satisfies the function inequality

||Dg (xy, z)” <w(x vy,z) forall x,y,z e X, if there exists L = L(i) such that a function

1 X 1
X— B(X) = Za(,o, Oj has the property —3ﬂ(yix) =LA(x)
n )
Hi
for all xe X. Then there exists a unique cubic function c:x—y satisfies the functional equation (1.0) and
I_1—i
||g(x) —c(x)|| < ﬁﬂ(x) forall xe X.
Corollary 3.2. Let g : x — y be an mapping and there exists a real numbers y and p such that

v
[Dox y.2)] < 47 I® +° (4.)

p p p 3p 3p 3p
R S L i M e

71
8 _n3—1 ’
. . : : 71 IXP
forall x,y,z e X . There exists a unique cubic mapping c¢: X — y such that ||g(x) —c(x)|| < 83 p ;7 #3 (4.2)
n°-n
3
7| L
8| |n3_n3a| |’ '
81

http://ijses.com/
All rights reserved



S |~
@ International Journal of Scientific Engineering and Science
Volume 2, Issue 1, pp. 74-82, 2018. ISSN (Online): 2456-7361

forall xe X
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