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Abstract — In this paper, the authors are interested in investigating the stability of a new type Cubic functional equation of the form

fQx=y)+flx+2y) + fx—y) =fx—2y)+ 12f(x) +5f(y) =5 f(x +¥)
In the sense of Hyers-Ulam, Generalized Hyers-Ulam, Hyers - Ulam - Rassias.
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I. INTRODUCTION

The different types of functional equations like Additive, Quadratic are introduced by Cauchy and D’ Alembert. These functional
equations and its stability were discussed vividly in many research papers in the middle years of 20th century. Later, Cubic,
Quartic and mixed type functional equations were introduced and its stability and many other properties were investigated by
many authors [12, 13, 14, 19, 21, 24, 25, 26, 27].

The stability problem of functional equations originated from a question of Ulam [33] in 1940, concerning the stability of
group homomorphisms. Let (G,,.) be a group and let (G,,*) be a metric group with the metricd (. , .). Givene > 0, does
there exist a § > 0 , such that if a mapping h: G; — G, satisfies the inequality d(h(x .y),h(x) xh (y)) < § forallx,y €
G,, then there exists a homomorphism H: G, - G, with d(h(x),H(x)) < ¢ forallx € G;?. In the other words, under
what condition does there exist a homomorphism near an approximate homomorphism? The concept of stability for functional
equation arises when we replace the functional equation by an inequality which acts as a perturbation of the equation. In 1941, D.
H. Hyers [16] gave first affirmative answer to the question of Ulam for Banach spaces. Let f: E — E' be a mapping between
Banach spaces such that

lfx+y») —f)—fMIl <6
forall x,y € E, and for some & > 0. Then there exists a unique additive mapping A: E - E' such that
IfG)—AMIl <6
forall x € E, Moreover if f (tx) is continuous int for each fixed x € E , then A is linear. Finally in 1978, Th. M. Rassias [30]
proved the following theorem.
Theorem 1.1. Letf: E — E' be amapping from a norm vector space E into a Banach space E’ subject to the inequality
IfCx+y) =) = fWMI < elxlI” + llyllP) (1.1)
forall x,y € E, where ¢and p are constants with € > 0 and p < 1. Then there exists a unique additive mapping A: E —
E' such that

£ GO = AN < 5—— lIxIIP (1.2)

forallx € E.If p <0,theninequality (1. 1) holds for all x,y # 0, and (1. 2) for x # 0. Also, if the function t — f(tx)
form R into E’ is continuous for each fixed x € E , the A is Linear.

Also in 1978, Th. M. Rassias [30] provided a generalization of the Hyers theorem which allows the Cauchy difference to
be unbounded.

A generalized version of the theorem of Hyers for approximately linear mappings was given by Th. M. Rassias [30].
Since then, the stability problems of various functional equations have been extensively investigated by a number of authors [2, 4,
5,7,8,10 - 17, 20, 21 - 32]. In particular, one of the important functional equations studied is the following functional equation
[1,2, 4,13, 18, 25, 27]

fx+y) +flx—y)=2f()+2f) (1.3)

The quadratic function f(x) = x? is a solution of this functional equation, and so one usually is said to be the above
functional equation to be quadratic.

In 1991, Z. Gajda [8] answered the question for the case p > 1, which was raised by Rassias. This new concept is known
as Hyers-Ulam-Rassias stability of functional equations [1, 4, 5, 7 - 10, 15— 17, 28, 29, 31].
In [23], W.-G. Park and J. H. Bae, considered the following functional equation

71
http://ijses.com/
All rights reserved



s | 2

H International Journal of Scientific Engineering and Science
Volume 1, Issue 8, pp. 71-77, 2017. ISSN (Online): 2456-7361

fQx+y)+fx—y) =4 (fx +y) + flx =) + 24 f(x) — 6 f(y) (1.4
In fact they proved that a function f between real vector spaces X and Y is a solution of (1.3) if and only if there exists a unique
symmetric multi-additive function
B: XXXXXXX ->Y
such that f(x) = B (x,x,x,x) forall x [3,5, 86,19, 20, 22, 23, 28]. It is easy to show that the function f(x) = a x* satisfies
the functional equation (1.3), which is called a quartic functional equation and every solution of the quartic functional equation is
said to be a quartic function.
In this paper, we investigate the Hyers — Ulam — Rassias stability of a new type Cubic functional equation of the form
fQx—y)+fx+2y) + fx—y)=fx-2y)+ 12f(0) +5f(y) -5 f(x +y) (1.5)
It easy to check that the function f(x) = ax® is a solution of the functional equation (1. 5). That is, it satisfies solution means,
it is Cubic functional equation. Now in the present paper we would like to investigate the generalized Hyers — Ulam — Rassias
stability of the equation (1. 5).

I1. GENERAL SOLUTION

In this section we establish the general solutions of the functional equation (1.5). Through this section, X and Y be the real
vector spaces.
Theorem 2.1. A function f: X — Y is a solution of the cubic functional equation (1.5) if and only if it is of the form f(x) =
A3(x) forall x,y €X.
Proof. Assume that f satisfies the functional equation (1.5). Replacing x = 0,y = 0 in (1.5), we get, f(0) = 0. Replacing
x=0,y=x in (1. 5), we obtain that f(—2x) = — f(2x). Since f is a cubic functional equation, applying some
simplification on (1.5), then we arrive that f(2x) = 23 f(x). On the other hand, it is obvious that, the converse part is also true.
Hence, we can conclude that the Theorem is proved.

I1l. HYERS-ULAM-RASSIAS STABILITY
In this section, we prove the Hyers-Ulam-Rassias stability of the cubic functional equation (1.5). Throughout this section, X
and Y will be a real normed space and a real Banach space, respectively. Also, we investigate the generalized Hyers — Ulam —
Rassias stability of the given Cubic functional equation (1. 5). Let f:X — Y be a function then we define Dy : X xX -Y by
De(x,y) =fCx-y)+fx+2y) + fx—y)—fx-2y) - 12 f(x) -5f(») +5f(x +y)
forall x,y € X.
Theorem 3. 1. Let ¢ : X XX — [0,00) be a function satisfies

od i

z<p(2 x, 0) <o
21

i=0

2Mx , 2™
lim Z 2

forall x € X, and

n—oo 2"
forall x,y € X.If f: X - Y isaneven function such that £(0) = 0, and that
[1Dr (2, | < 0 (x, ) 3.1
forall x,y € X , then there exists a unique quartic function Q : X — Y satisfying (1. 5) and
1 v ¢ix,0)
If@-ewlisg Y =0 (3.2)
i=0
forall x € X. l
Proof. Putting y = 0in (3.1), then we have,
Il f2x) =6 fOOIl < ¢(x,0) (3.3)
Then dividing by 8 on both sides in (3. 3), to obtain,
P29 _ po)| < 2o 0 (3.4
32 S| =gl '
forall x € X.Replacing x by 2x in (3.4), we get
T4 _ o < 2o 0) (3.5)
32 J@)] =gex '
Combine (3.4) and (3.5) by use of the triangle inequality to get
f(4x) 1{9(2x,0)
sz @[ <g| =5+ o0 (3.6)

By inductiononn € N, we can prove,

72
http://ijses.com/
All rights reserved



s |2

H International Journal of Scientific Engineering and Science
Volume 1, Issue 8, pp. 71-77, 2017. ISSN (Online): 2456-7361

n-1 .

1 @ (2'x,0)

< - - .

3.2n 6 Z; 21 G.7
i=

Dividing (3. 7) by 2™ and replacing x by 2™x we get,

| f@mx)  f@Mx)

2m+n - zm

‘ f@"x)

= L If@r2m) - f@m)l

<p(2x0)
Z

(p(Z me 0)
6 Z 2m+l

} is a Cauchy sequence in Y, by taking the limm — oo . Since Y is a Banach space, then

(2™x)

2n

forall x € X . This shows that {f

the sequence {f (2 2

} converges. We defineQ : X - Y by

Q@) = lim U (znx)

forall x € X.Since f iseven function, then Q is even. On the other hand we have

1
0G| = lim = [[Dy 2, 29|
p(2™x,2My)
< lim ——~ 72 =

n—-oo AL

forall x,y € X . Hence by our assumption, we conclude that Q is a quartic function. Now we have to show Q is unique.

Suppose that there exists another quartic function Q : X — Y which satisfies (1.5) and (3.2). We have, Q(2"x) = 2" Q(x)
and Q(2"x) = 2" Q(x) forall x € X . It follows that

_ 1 _
1QC) — eIl = 7 11Q(2") — (2"
< (IIQgOZ"x) —f@"Ol +1If(2"x) — Q(2™)ID
- l (p(2n+ig'c’ 0)
- 3 s 2n+z
forall x € X . By taking n — oo in this inequality we have,

lim 0G0 - Q)| -0

Q(x) = Q).
Theorem 3. 2. Let ¢ : X XX — [0,0) be a function satisfies

Z 20 (277 1x,0) < o

i=0
for all x,y € X, and lim,_ ., 2" @(27™x,27"y) =0 for all x,y € X. Suppose that an even function f:X —-Y
satisfies £(0) = 0, and (3. 1). Then the limit Q(x) = lim,_, 2™ f(27™x) existsforall x € X and Q : X — Y isa unique
quartic function satisfies (1. 5) and

I7G) — QGO < 3 PR (3.9)
forall x,y €X. )
Proof. Put x =0 in (3. 1), we get,
I f(x) = fFCON = ¢(x,0) (3.9)

Replacing x by ’2—6 in (3. 9) and dividing by 4, we get,

X 1 X
[7G)-r@l =30 0)
1
If 20— fell < 3 (271x,0) (3.10)
forall x € X,replacing x by ’2—6 in (3. 10), we obtain,

1
If@ 0 - f@™l < 3 @(27%x,0)
1
If272x0) - f@ 0l < 3 @(27%x,0) (3.11)
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Multiplying 2 on both sides of (3. 11), we get,

1
122 fF272x) =2 f27%)|| < 3 (2 9(272x,0)) (3.12)
Combining (3. 10) and (3. 12) by use of triangle inequality to obtain,

122 22 1)~ Ol £ 3 @ 0@ ,0) +9(2x,0))  (313)

By inductionon n € N, we have, .
12" @)~ fNl €5 . 2 927 1x,0) (3.14)

3 i=0

Multiplying (3. 14) by 2™ and replacing x by 27™ x to obtain,
27 fET ) = 2nfETm Ol = 2T IR f2Tm2T x) — f2TTl

n-1
1 . .
< "3 221 @271 27 x,0)
i=0

1O
< g Z 2m+l (p(z—l—l 2—m X, 0)

i=0
forall x,y € X. By taking the limm — oo, it follows that {2" f(27"x) } is a Cauchy sequence in Y. Since Y is a Banach
space, then the sequence {2" f(27"x) } converges. Now we will define a function, Q : X - Y hy

Q(x) = ILm 2" f(27™x)
forall x € X . Then the rest of the proof is similar to the Threlo;;m 3.1, that is,
Since f is even function, then Q is even. On the other hand we have
1Dq G, )| = lim 2" ||y (27, 27"y |
< lim2™ ¢ 27™x,27"y) =0.
forall x,y € X . Hence by our assumption, we conclude thath is a quartic function. Now we have to show Q is unique.

Suppose that there exists another quartic function Q : X — Y which satisfies (1.5) and (3. 8). We have, Q2 ™x) =
2" Q(x) and Q(27™x) = 2" Q(x) forall x € X . It follows that

100 — QI = 2" I0(27"x) — Q(2™™x) |
= le@™x) - fFE Ol + lIf (27" — Q2™ 0D

2 . .
< § z 2n+l (p(z—l—lx' 0)
i=0
forall x € X . By taking n — oo in this inequality we havg, l
lim [0 — Q) 0
Q(x) = Q).

This completes the proof of the Theorem.
Theorem 3. 3. Let ¢ : X XX — [0,0) be a function such that

od i

z (2 X, 0) <o
21

i=0

and
2Mx, 2"
lim 22 _ (3.15)
n-oo 2n
forallx,ye X .If f: X - Y inanodd function such that
1D e )| < () (3.16)
forall x,y € X , then there exists a unique additive function A : X — Y satisfying (1. 5) and
1 v ¢(2ix,0)
Ife-awl<3 ) S (3.17)
i=0
forall x € X.
Proof. Setting x =0 in (3. 16) to get,
1
If2) =2fCOll <5 ¢(x,0) (3.18)

Then dividing by 2 on both sides in (3. 18), to obtain,
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f(2x) 1
‘ S f®| <z 060 (3.19)
forall x € X.Replacing x by 2x in (3.19), we get
f(4x)
> - fx)|[ <= (p(2x 0) (3.20)
Combine (3.19) and (3.20) by use of the triangle inequality to get
f(4x) 1(p(2x,0)
~f() S+ 9(x,0) (3.21)
Now we using iterative method and inductlon onn € N, we can prove our next relation.
n-1 .
f@2"x) ¢(2'x,0)
| —f(x) Z —r (3.22)
i=0

Dividing (3. 22) by 2™ and replacing x by 2™x we get,
||f(2’”+”x) _f@™x)

1
= o If (2"27%) = f2™0)l

_ 1 "igo(zix, 0)
S B x2m 20
1=0

o p(2i2Mx, 0)
- g . 2m+i

=0
for all x € X . Taking as limm — oo in (3. 23), then the right hand side of the inequality tends to zero. Since Y is a Banach
space, then

2m+n 2m

(3.23)

A(x) = 11m f(;"x)

exists for all x € X . Since f isan odd function, then A is odd On the other hand by (3. 15) we have,

1
1D Cx, I = T}lilgo on |Ds 27x, 2™y ||

2™x, 2"
< lim u =0.
n—oo 2n

forall x,y € X . Hence by our assumption, we conclude that A is an additive function. Now we have to show A is unique.
Suppose that there exists another quartic function 4 : X — Y which satisfies (1.5) and (3. 17). We have, A(2"x) = 2™ A(x)
and A(2"x) = 2" A(x) forall x € X . It follows that

_ 1
4G =A@l = 7 [1A(2"x) — A"

< (IIA(Z"x) fFERPON+1If(2"x) — ACR™0)])
(p(2n+lx 0)

1
< —
- 3 2n+l
i=0
forall x € X . By taking n — oo in this inequality we have,

lim [A(x) —AX)|| -0
n—-oo
A(x) = A(x).
This completes the proof.

Theorem 3. 4. Let ¢ : X XX — [0,0) beafunction satisfies

Z 2L (27 1x,0) <

for all x,y €eX , and lim,_., 2™ @(27"x,2" y) =0 for all x,y €X. Suppose that an odd function f:X —Y
satisfies f(0) = 0, and (3. 1). Then the limit A(x) = lim,_, 2" f(27™x) existsforall x € X and A:X — Y isaunique
additive function satisfing (1. 5) and

176~ AN < § 2 02 x,0)

forall x,y €X.

Proof. The proof is similar to the proof of the Theorem 3. 3.
Theorem 3.5. Let ¢ : X XX — [0,00) be a function such that
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n-oo AL

- o (2ix, 0 2nx, 2n

Z(p(z—i)<oo and limu =0

i=0

for all x € X. Suppose that a function f: X — Y satisfies the inequality ||Df(x,y)|| < ¢(x,y) for all x,y €X, and
f(0) = 0. Then there exists a unique quartic function Q : X — Y and a unique additive function A: X — Y satisfying (1. 5)
and

1 © [9@Qix,0)+ ¢(=2ix,0) 4(<p(2ix,0) - <p(—2"x,0))
IORIGEVIOEFESY S + —

(3.23) forall x,y €X.
Proof. We have

107, e )| < % (o, ) + p(=x,~y))
forall x,y € X. Since f,(0) =0 and f, is an even function, then by Theorem 3. 1, there exists a unique quartic function
Q: X — Y satisfying,
©(2ix,0) + p(—2ix,0)

2 x 21

1 [oe]
10—l < ¢ Y
i=0
forall x,y € X.On the other hand £, is odd function and we have,
2
D7, e )| < 3 (p(x,y) — 9(=x,—y))

for all x,y € X. Since f,(0) =0 and f, is an even function, then by Theorem 3. 3, there exists a unique additive function
A: X - Y satisfying,

(3.24)

2w @Q2ix,0) — p(—2ix,0)
I =AWl < 3 i

i=0
forall x,y € X.Combining (3. 24) and (3. 25) we obtain (3. 23). This concludes the proof of the Theorem.
By Theorem 3. 5, we are going to investigate the Hyers — Ulam — Rassias stability problem for functional equation (1. 5).
Corollary 3. 6. Let &6 = 0,P < 1suppose f : X — Y satisfies the inequality

1D e, || < 6 (UlxlIP + llylIP)
forall x,y € X.Since f(0) = 0. Then there exists a unique quartic function Q : X — Y and a unique additive function A :
X — Y satisfying (1. 5), and

(3.25)

0 2 4
1£G) ~ 00 ~ A Nl < 3 el (5 + =33

forall x,y €X.
By corollary 3. 6, we solve the following Hyers — Ulam stability problem for the functional equation (1. 5).
Corollary 3. 7. Let ¢ be the positive real number,and let f : X — Y be a function satisfies
1Dy < &
for all x,y € X. Then there exists a unique quartic function Q: X — Y and a unique additive function A: X -
Y satisfying (1. 5), and we have,

&
IfG) —Q@) —AI <3
forall x,y €X.
By applying Theorem 3. 2 and 3. 4, we have the following theorem.
Theorem 3. 8. Let ¢ : X XX — [0,0) be a function such that

[ee)]

Z 2L (27 1x,0) < oo and lirrln 2" @ (2™x,2™y) =0

i=0
forall x,y € X.Suppose thata function f: X — Y satisfies the inequality

[1Dr e )| < (2, 3)
forall x,y €X,and f(0) =0. Then there exists a unique quartic function Q : X — Y and a unique additive function
A: X — Y satisfying (1. 5) and

o 2t . (p(Z_i_lx,O) + (P(_Z_i_lx,O)
TIOETIOEVISTEDY <§ N 2L> ( :

i=0
forall x,y €X .
Corollary 3.9. Let 6 =0, P >4 .Supposethat f : X — Y satisfies the inequality
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1D e | < 6 (llxlIP + lylIP)
forall x,y € X.Since f(0)= 0. Then there exists a unique quartic function Q : X — Y and a unique additive function A4 :
X — Y satisfying (1. 5), and
0 1 1
1FG) - 00 = A Il < 5 1P (1= + 1=

X 2P

forall x,y €X.
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