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Abstract— In this paper, we prove  the Hyers-Ulam stability for a  quintic functional equation

fRU+v)-5fQu+v)+ fRu+v)+10f(u+v)-5f(u—v) =10f (v)+ f(Bu)—3f(2u)—27 f (u) in Matrix Normed Space using Fixed point
method.

Keywords— Hyers-Ulam stability, Quintic functional equation, Matrix Normed space. Mathematics Subject Classification: 39B82, 34K20,
26D10.

. INTRODUCTION

The first stability problem of functional equations created from a question of Ulam [21] relating to group homomorphisms and
solved by Hyers [8]. The result of Hyers was generalized by Aoki [1] for additive mappings and by Rassias [19] for linear
mappings. The result of Rassias has furnished a lot of influence during the past years in the development of the Hyers-Ulam
cocepts. This new concept is called the Hyers-Ulam-Rassias stability. A generalization of Rassias’s theorem was obtained by
Gavruta [6] by replacing the difference cauchy equation by a general control function. In 2010, Xu et al., [22] obtained the
general solution and investigated the Ulam stability problem for the following quintic functional equation

f(u+3v)-5f(u+2v)+10f (u+Vv)-10f (U)+5f (U—Vv)— f(u—2v) =120f (v) 1)
In 2013, Park et al., [15] introduced the following new form of quintic functional equation
fBu+v)-5f(u+v)+ f(u+v)+10f(u+v)-5f(u—-v)=10f(v)+ f(3u)—3f (2u)—27f (u) @)

It is easily verified that that the function f (u) = au® satisfies the above functional equations. In other words, every solution

of the quintic functional equation is called a quintic mapping. The abstract characterization given for linear spaces of bounded
Hilbert space operators in terms of matricially normed spaces [20] implies that quotients, mapping spaces, and various tensor
products of operator spaces may again be regarded as operator spaces. Owing in part to this result, the theory of operator spaces is
having an increasingly significant effect on operator algebra theory.

The proof given in [20] appealed to the theory of ordered operator spaces [2] . Effros and Ruan [5] showed that one can give a
purely metric proof of this important theorem by using a technique of Pisier [18] and Haagerup [7].
We will use the following notations:

M, (X) isthe set of all NxN-matricesin X ;
€ € l\/Il’n (C) is that jth component is 1 and the other components are zero ;
E;eM, (C) is that (i,j)-component is 1 and the other components are zero;

E;, ®xeM, (X) is that (i,j)-component is X and the other components are
zero. For Xe M (X),y e M, (X).
(x 0
X®y = [O yj.

Note that (X, {“”n }) is a matrix normed space if and only if (M n(X),”.”n) is a normed space for each positive integer N
and ||AXB||k < ||A||||B||||X||n holds for Ae M, (C), Be M, (C) and x=(x;) € M (X),and that (X, {“”n}) is a matrix
Banach space if and only if X is a Banach space and (X, {“”n }) is a matrix normed space. A matrix normed space (X, {“”n })

is called an L -matrix normed space if ||X(-D y||n+k = max{j|x||n : ||y||k} holds forall xe M_(X) andall y € M, (X).
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Let E,F be vector spaces. For a given mapping h:E —>F and a given positive integer N, define
h, :M,(E) > M, (F) by, hn([xij]) = [h(xij)] for all [Xij]E M, (E).

Throughout this paper, let (X,””n) be a matrix normed space, (Y,||||n) be a matrix Banach space and let N be a fixed
positive integer.
Lemma 1[4, 10, 11] Let (X, {“”n }) be a matrix normed space.

1. ||EkI ®X||n =||X|| forall Xe X .
2. %] SH[Xij] ) S z:jzluxu H for [x;]1€ M, (X).
3. lim X, = X ifand only if [im X; = X;; for X, = [x

N—o0 n—

I, x=[x;1e M (X).

nij

Proof. (1) Since E,, ® X = ¢ Xe, and

e =lel =1 B ®x] <[X].
Since &, (E, ® )6 = x, [X| <|Eq ®%].. 5o, [Ew ®x]. =[x
=1 ’”Xkl ” < H[Xij]
2= 2l

. H[Xnij]_[xij] . < ZIHJ:]J

Definition 2 [3] Let X be a set. A function p: X x X —[0,0] is called a generalized metricon X if p satisfies
1. p(u,v)=0ifandonlyif U=V;
2. p(u,v) = p(v,u) forall u,ve X;
3. p(u,w) < p(u,v)+ p(v,w) forall u,v,we X .
Theorem 3 [3] Let (X, p) be a complete generalized metric space and L: X — Y be a strictly contractive mapping with a

) e.xXe =X, and le ]| = Hel*‘ i

0 Hz:FlEij ®x;) < > B ®x

(3) By = [Xpq —Xq < H[ij —X;]

Since [x;1= Z:jzlE.. ®X;

n

%1

Xnij — X H So we get the result.

nij

Lipschitz constant 77 <1. Then, for each given element U €U , either p(L*u, L**u) = cofor all nonnegative integer K or
there exists a positive integer K, such that

1. p(Lu,L“'u) < oo, forall k >K,;
2. the sequence {Lku} converges to a fixed point V* of L ;

3. V* isthe unique fixed pointof L intheset Y = {V eX |p(Lk°u,v) < oo};
4. p(v,v*¥) < %p(v, Lv) forall veY.
-7

In 1996, Isac and Rassias [9] were the first to provide applications of stability theory of functional equations for the proof of
new fixed point theorems with applications. A number of mathematicians were attracted to the relevent stability results of Rassias
and stimulated to investigate the stability problems of functional equations.

In 2013, Choonkil park et.al.[16, 17], were first to provide the Hyers -Ulam stability of functional equations in matrix normed
spaces by using direct method and an additive functional inequality in matrix normed space by using fixed point method. In
2015, Murali and Vithya [14] were first to proved the Hyers- Ulam stability of additive and quadrative functional equations in
matrix normed space by using fixed point method.

In recently, a number of authors have investigate the stability of several functional equations in different spaces via fixed point
approach. In this paper, we prove the stability of a quintic functional equation (2) in matrix normed spaces by using fixed point
method.

Il.  STABILITY OF QUINTIC FUNCTIONAL EQUATION IN MATRIX NORMED SPACES

In this section, we prove the stability of the quintic functional equation (2) in matrix normed spaces by using fixed point
method.

Foramapping f : X =Y, define Df : X =Y and Df :M_(X?) =M, (Y) by,
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Df(u+v)=f@Bu+v)-5fQu+v)+ fRu+v)+10f(u+Vv)-5f(u—-v)-10f(v)— f(3u)+3f(2u) +27 f (u)
forall u,ve X andall x=[x;],y =[y;1e M, (X).

Theorem 4 Let ¢: X —[0,00) be a function such that there exists a 77 < 5 with

UV <2p(C) ©

forall u,ve X .Let f:X —Y beamapping satisfying f (0) =0 and

HDfn ([Xij]v[Yij])H < Z¢(Xij’ Yii) 4
ij=1

forall X =[x;1,y =[y;]€ M, (X). Then there exists a unique quintic mapping Q: X —Y such that
4 1
fo (D D = Qn (D D) <
J D=2 a0
Proof. Let N =1. Then (4) is equivalent to
IfBu+v)-5f@u+v)+ f(2u+Vv)+10f(u+v)—5f(u—v)— 10f(v)— f (3u) +3f (2u) + 27 f (u)

P(x;,0) VX =[x;]1e M, (X). (%)

<¢(u,v) vu,ve X. (6)
Letting V =0 in (6), we get
| f2u)—2° f ()| < $(u,0) VueX. )
So ‘ f (u)—z—l5 f(2u)| < 2—15¢(u,0) YueX. (8)

Consider the set N = {f ' X —)Y} and introduce the generalized metric on N

p(f,g)=influeR, :|fU)-g(u)| <o) vueX}
where, as usual, inf ¢ = +oo. Itis easy to show that (N, o) is complete (see the proof of [[12], Lemma 2.1]).
Now we consider the linear mapping L : N — N such that

Lf(u) :% f (2u) Yu e X.

Let f,g e N begivensuchthat d(f,g) =v. This means that

| f(u)—g(u)| < ¢(u,0) YU eX.
Hence ||Lf (u) - Lg(u)| = 2—15 f(2u) —% g(2u)| < n¢(u,0) forall u e X.

Let f,g e N be givensuchthat p(f,g)= A impliesthat p(Lf,Lg)<nA.
This means that

p(Lf, Lg) <npo(f,0) vf,geN.
It follows from (8) that p(f,Lf) < %

By Theorem 3, there exists a mapping Q: X — Y satisfying the following:
(1) Q isafixed pointof L, i..,
Q(2u) = 2°Q(u) YueX. )
The mapping Q is a unique fixed point of L inthe set S = {g eN:d(f,g)< oo}. The mapping Q is a unique mapping
satisfies (9) such that there exists a « € (0,0) satisfying

|f (U)—g(u)| < ¢u,0)vu e X.

) p(L*f,Q) — 0 as k — oo This implies the equality
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. 1 .I: k —_
LEQZT (2°u) = Q(u) Yu e X.

@) p(f,Q) < L,o(f , L), which implies the inequality po(f,Q) < 5#

1-n 2°(1-7n)
f(u)—Q(u)[ < u,0 Yu e X. 10
I (u)-Q(u)| < 25(1 )¢( ) € (10)
By (6),

lim 2%” f(2%(Bu+Vv))—5f (2“(2u +Vv)) + f (2" (2u +v)) +10f (2" (U +V))

u,2v)

— 5f(2"(u=-v))-10f (2 (v)) - f(2*(3u)) +3f (2" (2u)) + 27 f (2" (W) < I

Q(3u+Vv) —5Q(2u +V) + Q(2u +Vv) +10Q(u +V) —5Q(u —v) —10Q(v) — Q(3u) + 3Q(2u) + 27Q(u) -0V
u,ve X.Thus
Q(Bu+Vv)-5Q(2u +Vv) + Q(2u +Vv) +10Q(u +Vv) —5Q(u —v) =10Q(v) + Q(3u) —3Q(2u) — 27Q(u).
So, the mapping Q: X —Y is quintic. By Lemma 1 and (10),
1

ZHf (le) C(Xu )H “~ m

forall X =[x;]€ M (X). Thus Q: X —Y is a unique quintic mapping satisfying (5).

#(x;;,0)

ij ij

Corollary 1 Let g,o be positive real numbers with ( <5. Let f : X —Y be a mapping such that
: q q
[Df (LD, < 2o (x| +[val) (1)
ij=1
forall X =[x;],y =[y;1€ M, (X). Then there exists a unique quintic mapping Q: X — Y such that

F;ﬂzs%‘zquxuuq v x=[x]eM,(X).

ij ij

Proof. The proof follows from Theorem 4 by taking ¢(u,V) = 0(||u||q +||V||q) forall u,v e X Then we can choose =2,

and we get the desired result.
Theorem 5 Let f:X —Y be a mapping satisfying (4) for which there exists a function ¢: X? —[0,00) such that there

existsa 77 <5 with

#(u,V) s%wu,tv)

forall u,v e X . Then there exists a unique quintic mapping Q: X —Y such that

¢(X|] 10) VX = [Xij] < Mn (X) (12)

ij ij

25(1 1)

Proof. Let (N, p) be the generallzed metric space defined in the proof of Theorem 4. Now we consider the linear mapping

L:N—>N such that Lf(u)=25f(%) for all ueX. It follows from (7) that p(f,Lf)S%. So,

Q _—
p(f.Q)< 1)

The rest of the proof is similar to the proof of Theorem 4.

Corollary 2 Let g, be positive real numbers with ¢ >5.Let f: X —Y be a mapping satisfying (11). Then there exists a
unique quintic mapping Q: X —Y such that
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n

ns; 7l X=[x__if] M_n(x).

=1 2q _25

fo (D61 = Qi (DX 1)

Proof. The proof follows from Theorem 5 by taking ¢@(U,V) = O'(||u||q +||V||q) forall u,v e X Then we can choose =21,
and we get the desired result.
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