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Abstract— In this paper, we prove the Hyers-Ulam stability for a quintic functional equation 
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I. INTRODUCTION  

The first stability problem of functional equations created from a question of Ulam [21] relating to group homomorphisms and 

solved by Hyers [8]. The result of Hyers was generalized by Aoki [1] for additive mappings and by Rassias [19] for linear 

mappings. The result of Rassias has furnished a lot of influence during the past years in the development of the Hyers-Ulam 

cocepts. This new concept is called the Hyers-Ulam-Rassias stability. A generalization of Rassias’s theorem was obtained by 

Gavruta [6] by replacing the difference cauchy equation by a general control function. In 2010, Xu et al., [22] obtained the 

general solution and investigated the Ulam stability problem for the following quintic functional equation  

)(120=)2()(5)(10)(10)2(5)3( vfvufvufufvufvufvuf   (1) 

In 2013, Park et al., [15] introduced the following new form of quintic functional equation 

)(27)(23)(3)(10=)(5)(10)(2)(25)(3 ufufufvfvufvufvufvufvuf   (2) 

It is easily verified that that the function 
5=)( auuf  satisfies the above functional equations. In other words, every solution 

of the quintic functional equation is called a quintic mapping. The abstract characterization given for linear spaces of bounded 

Hilbert space operators in terms of matricially normed spaces [20] implies that quotients, mapping spaces, and various tensor 

products of operator spaces may again be regarded as operator spaces. Owing in part to this result, the theory of operator spaces is 

having an increasingly significant effect on operator algebra theory. 

The proof given in [20] appealed to the theory of ordered operator spaces [2] . Effros and Ruan [5] showed that one can give a 

purely metric proof of this important theorem by using a technique of Pisier [18] and Haagerup [7]. 

We will use the following notations: 

 )(XM n  is the set of all nn -matrices in X ; 

 )(1, Cnj Me   is that jth component is 1  and the other components are zero ; 

 )(Cnij ME   is that (i,j)-component is 1  and the other components are zero; 

 )(XMxE nij   is that (i,j)-component is x  and the other components are  

 zero. For )(),( XMyXMx kn  .  

 yx  = 







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0
.  

Note that  ).,(
n

X  is a matrix normed space if and only if ).),((
nn XM  is a normed space for each positive integer n  

and 
nk

xBAAxB   holds for )(, CnkMA , )(, CknMB  and )()(= XMxx nij  , and that  ).,(
n

X  is a matrix 

Banach space if and only if X  is a Banach space and  ).,(
n

X  is a matrix normed space. A matrix normed space  ).,(
n

X  

is called an 
L  -matrix normed space if  

knkn
yxmaxyx ,=


  holds for all )(XMx n  and all ).(XMy k  
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Let FE,  be vector spaces. For a given mapping FEh :  and a given positive integer n , define 

)()(: FMEMh nnn   by, )]([=])([ ijijn xhxh  for all ).(][ EMx nij   

Throughout this paper, let  
n

X .,  be a matrix normed space,  
n

Y .,  be a matrix Banach space and let n  be a fixed 

positive integer. 

Lemma 1 [4, 10, 11] Let  ).,(
n

X  be a matrix normed space.   

    1.  xxE
nkl =  for all Xx .  

    2.  ij

n

jinijkl xxx 
1=,

][ , for )(][ XMx nij  .  

    3.  xxn
n

=lim


 if and only if ijnij
n

xx =lim


 for ][= nijn xx , )(][= XMxx nij  .   

Proof. (1) Since lkkl xeexE *=  and 1==*

lk ee  , xxE
nkl  . 

Since xexEe lklk =)( * , .
nkl xEx   So, .= xxE

nkl   

(2) kllk xxee =*
 and 1== *

lk ee  , .][
nijkl xx   Since ijij

n

jiij xEx  1=,
=][ ,  

ij

n

jinijij

n

ji
n

ijij

n

jinij xxExEx  
1=,1=,1=,

==][  

(3) By (2)  .][][=][
1=, ijnij

n

jinijnijnijnijklnkl xxxxxxxx    So we get the result.  

Definition 2 [3] Let X  be a set. A function ][0,: XX  is called a generalized metric on X  if   satisfies   

    1.  0=),( vu  if and only if vu = ;  

    2.  ),(=),( uvvu   for all Xvu , ;  

    3.  ),(),(),( wvvuwu    for all Xwvu ,, .  

Theorem 3 [3] Let ),( X  be a complete generalized metric space and YXL :  be a strictly contractive mapping with a 

Lipschitz constant 1< . Then, for each given element Uu , either  =),( 1uLuL kk for all nonnegative integer k  or 

there exists a positive integer 0k  such that   

    1.   <),( 1uLuL kk , for all 0kk  ;  

    2.  the sequence  uLk
 converges to a fixed point *v  of L ;  

    3.  *v  is the unique fixed point of L  in the set   <),(|= 0 vuLXvY
k

 ;  

    4.  ),(
1

1
*),( Lvvvv 





  for all Yv .  

In 1996, Isac and Rassias [9] were the first to provide applications of stability theory of functional equations for the proof of 

new fixed point theorems with applications. A number of mathematicians were attracted to the relevent stability results of Rassias 

and stimulated to investigate the stability problems of functional equations. 

In 2013, Choonkil park et.al.[16, 17], were first to provide the Hyers -Ulam stability of functional equations in matrix normed 

spaces by using direct method and an additive functional inequality in matrix normed space by using fixed point method.  In 

2015, Murali and Vithya [14] were first to proved the Hyers- Ulam stability of additive and quadrative functional equations in 

matrix normed space by using fixed point method. 

In recently, a number of authors have investigate the stability of several functional equations in different spaces via fixed point 

approach. In this paper, we prove the stability of a quintic functional equation (2) in matrix normed spaces by using fixed point 

method. 

II. STABILITY OF QUINTIC FUNCTIONAL EQUATION IN MATRIX NORMED SPACES  

In this section, we prove the stability of the quintic functional equation (2) in matrix normed spaces by using fixed point 

method. 

For a mapping YXf : , define YXDf 2:  and )()(: 2 YMXMDf nnn   by, 
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)(27)(23)(3)(10)(5)(10)(2)(25)(3=)( ufufufvfvufvufvufvufvufvuDf 

for all Xvu ,  and all )(][=],[= XMyyxx nijij  . 

Theorem 4  Let )[0,: 2 X  be a function such that there exists a 5<  with  

)
2

,
2

(2),( 5 vu
vu    (3) 

 for all Xvu , . Let YXf :  be a mapping satisfying 0=(0)f  and  

),(])[],([
1=,

ijij

n

ji

ijijn yxyxDf   (4) 

for all )(][=],[= XMyyxx nijij  . Then there exists a unique quintic mapping YX :Q  such that  

.(X)M][x=x,0)(
)(12

1
])([])([ nij5

1=,




  ij

n

ji
nijnijn xxxf 


Q  (5) 

 Proof. Let 1=n . Then (4) is equivalent to 

)(27)(23)(3)(10)(5)(10)(2)(25)(3 ufufufvfvufvufvufvufvuf   

 X.vu,),(  vu  (6) 

Letting 0=v  in (6), we get  

X.u,0)()(2)(2 5  uufuf   (7) 

X.u,0)(
2

1
)(2

2

1
)(So

55
 uufuf   (8) 

Consider the set  YXfN :=  and introduce the generalized metric on N   

 ,,0),()()(:inf=),( Xuuugufgf    R  

where, as usual, =inf  . It is easy to show that ),( N  is complete (see the proof of [[12], Lemma 2.1]). 

Now we consider the linear mapping NNL :  such that  

X.u)(2
2

1
=)(

5
ufuLf  

Let Ngf ,  be given such that =),( gfd . This means that  

X.u,0)()()(  uuguf   

Hence ,0)()(2
2

1
)(2

2

1
=)()(

55
uugufuLguLf   for all .Xu   

Let Ngf ,  be given such that  =),( gf  implies that  ),( LgLf . 

This means that  

N.gf,),(),(  gfLgLf   

It follows from (8) that .
2

1
),(

5
Lff  

By Theorem 3, there exists a mapping YX :Q  satisfying the following: 

(1) Q  is a fixed point of L , i.e.,  

X.u)(2=)(2 5 uu QQ  (9) 

The mapping Q  is a unique fixed point of L  in the set   <),(:= gfdNgS . The mapping Q  is a unique mapping 

satisfies (9) such that there exists a )(0,  satisfying  

X.u,0)()()(  uuguf   

(2) 0),( QfLk  as k . This implies the equality  
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X.u)(=)(2
2

1
lim 5




uuf k

k
k

Q  

(3) ),(
1

1
),( Lfff 





Q , which implies the inequality .

)(12

1
),(

5 



Qf   

X.u,0)(
)(12

1
)()(So

5



 uuuf 


Q  (10) 

 By (6), 

))((210))(2(2))(2(25))(3(2
2

1
lim 5

vufvufvufvuf kkkk

k
k




  

),2(2
2

1
lim))((227))(2(23))(3(2))((210))((25

5
vu

K
ufufufvfvuf kk

k

kkkkk 




0)(27)(23)(3)(10)(5)(10)(2)(25)(3  uuuvvuvuvuvuvu QQQQQQQQQ   

Xvu , . Thus  

 ).(27)(23)(3)(10=)(5)(10)(2)(25)(3 uuuvvuvuvuvuvu QQQQQQQQQ   

So, the mapping YX :Q  is quintic. By Lemma 1 and (10),  

,0)(
)(12

1
)()(])([])([

5
1=,1=,

ij

n

ji

ijij

n

ji

ijnijn xxCxfxxf 


 Q  

for all )(][= xMxx nij  . Thus YX :Q  is a unique quintic mapping satisfying (5).  

 

Corollary 1 Let ,q  be positive real numbers with 5<q . Let YXf :  be a mapping such that  

)(])[],([
1=,

q

ij

q

ij

n

ji
nijijn yxyxDf   (11) 

for all )(][=],[= XMyyxx nijij  . Then there exists a unique quintic mapping YX :Q  such that  

q

ijq

n

ji
nijnijn xxxf

22
])([])([

5
1=, 

 


Q      )(][= XMxx nij  .  

Proof. The proof follows from Theorem 4 by taking )(=),(
qq

vuvu   for all Xvu , Then we can choose 
52= q , 

and we get the desired result.  

Theorem 5  Let YXf :  be a mapping satisfying (4) for which there exists a function )[0,: 2 X  such that there 

exists a 5<  with  

),(
2

),(
5

tvtuvu 


   

for all Xvu , . Then there exists a unique quintic mapping YX :Q  such that  

(X).M][x=x,0)(
)(12

])([])([ nij5
1=,




  ij

n

ji
nijnijn xxxf 




Q  (12) 

Proof. Let ),( N  be the generalized metric space defined in the proof of Theorem 4. Now we consider the linear mapping 

NNL :  such that )
2

(2=)( 5 u
fuLf  for all Xu . It follows from (7) that 

52
),(


 Lff . So, 

)(12
),(

5 





Qf . 

The rest of the proof is similar to the proof of Theorem 4.  

Corollary 2 Let ,q  be positive real numbers with 5>q . Let YXf :  be a mapping satisfying (11). Then there exists a 

unique quintic mapping YX :Q  such that 
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q

ijq

n

ji
nijnijn xxxf

5
1=, 22

])([])([


 


Q  x=[x_ij] M_n(X) .  

Proof. The proof follows from Theorem 5 by taking )(=),(
qq

vuvu   for all Xvu , Then we can choose 
q52= , 

and we get the desired result. 
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